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Abstract
In Hierarchical Control, compositionality, abstraction, and task-transfer are crucial
for designing versatile algorithms which can solve a variety of problems with max-
imal representational reuse. We propose a novel hierarchical and compositional
framework called Jump-Operator Dynamic Programming for quickly computing
solutions within a super-exponential space of sequential sub-goal tasks with or-
dering constraints, while also providing a fast linearly-solvable algorithm as an
implementation. This approach involves controlling over an ensemble of reusable
goal-conditioned polices functioning as temporally extended actions, and utilizes
transition operators called feasibility functions, which are used to summarize
initial-to-final state dynamics of the polices. Consequently, the added complexity
of grounding a high-level task space onto a larger ambient state-space can be
mitigated by optimizing in a lower-dimensional subspace defined by the grounding,
substantially improving the scalability of the algorithm while effecting transferable
solutions. We then identify classes of objective functions on this subspace whose
solutions are invariant to the grounding, resulting in optimal zero-shot transfer.
Keywords: Hierarchical Control, Sequential Goal Tasks, State-Action LMDP, Zero-Shot Transfer,
Goal-conditioned Policies, Compositionality
1 Introduction
An open problem in the domains of Planning, Dynamic Programming (DP) and Reinforcement
Learning (RL) involves the construction of polices achieving sequential multi-subgoal tasks over
long ranges of space and time. To achieve such tasks efficiently, one needs the right set of hierarchical
abstractions, representations, and optimizations: identifying these features is a challenging problem
with many related questions. What is the definition of a task? How do tasks interface with environ-
ments? How can representations, whether they concern policies, value functions, or task rules, be
transferable within and across new environments? We propose a framework called Jump-Operator
Dynamic Programming (JODP) for ordered sequential sub-goal planning, which addresses these
questions by solving structured, multi-subgoal tasks, using coarse-grained transition operators, which
jump the agent from initial-to-final states.
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DP is a recursive and exact algorithm that provides analytic insight into the problem of sequential
decision making, often to the benefit of approximation or learning frameworks like RL [1]. For
instance, we understand the convergence properties of RL algorithms in relation to the optimal value
function produced by DP [2–4], as they share the same underlying formalism, i.e. Markov Decision
Processes (MDP) [5]. Likewise, we argue that DP-based methods can help elucidate mechanisms for
transfer and generalization for sequential goal-problems. However, it is not necessarily the case that
simply augmenting a state-space with more task-variables will admit reusable solutions: we need
a foundation built on representations that can facilitate efficient computation and transfer. In this
paper, we do not focus on the subject of learning, rather, we provide formalisms from which we can
build an analytic theory of compositionality and zero-shot task transfer for sequential-goal planning;
learning algorithms, of any stripe, can then inherit the properties and guarantees of the framework by
computing the appropriate representations to promote generalization.
JODP is general framework that uses specific kinds of objects and functions that engender key
properties. We show that ordered sub-goal tasks can be formulated as first-exit problems in a binary-
vector task space that records sub-goal progress (Section 3.2). Dynamics through the task-space can
be induced by high-level goal variables mapped to low-level state-actions via grounding functions
(Section 3.3). We demonstrate how to construct an ensemble of reusable goal-conditioned shortest-
path polices on a base state-space in order to drive the task-space dynamics. Crucially, from these
polices we can build new abstract operators that represent coarse-grained initial-to-final state and goal
dynamics for each policy, called Jump Operators and Feasibility Functions (Sections 3.4, 3.5). These
operators play a central role in an efficient task-policy optimization, called the task-LMDP (tLMDP),
which stitches together low-level goal-conditioned polices to solve the task (Section 3.6). The key
property of a policy ensemble is remappability: we can remap ensemble members to new tasks
with different grounding functions, allowing us to solve polices within a super-exponential space of
problems without recomputing low-level representations. Furthermore, we show that it is sufficient to
compute the task-solution restricted to the grounded subspace of state-actions defined by the sub-goal
grounding function, which has significantly better scaling properties under the increase of state-space
size and sub-goal number than computing a solution with DP in the full Cartesian product state-space
formed by the task- and base-space. A powerful consequence of this is that solutions to the tLMDP
in the grounded subspace can have an important grounding invariance property, which allows the
solution to be remapped to different ensemble polices with perfect zero-shot transfer.
Related Research This work has connections with several areas of research. The tLMDP and it’s
precursor, the saLMDP (yet to be discussed), are new members in the family of Linearly-Solvable
Optimal Control problems [6, 7], and are inspired by recent hierarchical innovations for controlling
over sub-problems [8–10]. Research regarding goal-conditioned polices was introduced both in the
context of RL [11], and in the context of model-based non-stationary control [12]. Ordered-goal tasks
have also been recently proposed in RL for training agents with symbolic and temporal rules [13–20].
Policy-concatenation (stitching) has also been proposed as a means of skill-learning in the Options
framework [21–23], as well as Hierarchical Control [24, 12], and other schemes for concatenating
polices such as policy sketches (using modular polices and task-specific reward functions) [25], or
compositional plan vectors [26]. Lastly, a compositional Boolean task algebra was recently introduced
demonstrating zero-shot transfer for non-sequential polices [27].
2 Background
The Linearly Solvable Markov Decision Process (LMDP) [7] is an entropy-regularized relaxation of
a standard Markov Decision Process (MDP). It is defined as a three-tuple (X , p, q) where X is the
finite set of states, p is an uncontrolled "passive dynamics" transition function p : X × X → [0, 1],
and q : X → R is a state-cost function. The Linear Bellman equation is defined as:
v(x) = min
u
[
q(x) +KL(u(x′|x)||p(x′|x)) + E
x′∼u
[v(x′)]
]
, (1)
where v : X → R is the value function, u : X × X → [0, 1] is an arbitrary policy, and KL(·||·) is
the Kullback–Leibler (KL) divergence between two given distributions. Unlike the standard MDP,
the action variable has been replaced with a controlled transition matrix u(x′|x). Action costs in (1)
are conceptualized as deviations away from the passive dynamics, as measured by the KL-divergence.
Therefore, instead of optimizing a state-to-action map pi∗(a|x), as one would with standard algorithms
such as value-iteration [1], we optimize for desirable state-to-state Markov chain dynamics. The
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solution to (1) will be a policy u∗ which minimizes the expected accumulated cost contributed by both
the state-cost function q and the action cost under the future dynamics. Solving the equation requires
a change of variable transformation to the value function v(x), which converts it to a desirability
function z(x) = exp(−v(x)). It is shown in [7] that the optimal controlled dynamics, u∗, can be
determined by rescaling the passive dynamics by the optimal desirability function vector, which is
the largest eigenvector of QP , i.e. z = QPz where z is the desirability function vector. The matrix
Q is a diagonal matrix of the negatively exponentiated cost function, i.e. Q = diag(exp(−q)),
where q is the cost vector on X , and P is the matrix form of the passive transition function p
such that ∀i : ∑j Pij = 1, where Pij = p(xj |xi). The rescaled dynamics are normalized by
G[z](x) = Ex′∼p z(x′) to obtain the optimal policy
u∗(x′|x) = p(x
′|x)z(x′)
G[z](x)
.
3 Algorithm: Jump-Operator Dynamic Programming
3.1 State-Action LMDP
We introduce a novel extension of the LMDP, that operates on state-action pairs. This extension
will be employed in two places throughout the algorithm, for both the low-level goal-conditioned
policy ensemble, and the high-level tLMDP task policy that “stitches” policies from the ensemble
together. Reintroducing the action variable will have non-trivial consequences for the tLMDP, as we
can construct more expressive cost functions including ordering constraints on sub-goals, and the cost
of following a given policy to complete a sub-goal, all while retaining a largest eigenvector solution.
Definition 3.1 (state-action LMDP). A state-action LMDP (saLMDP) is defined as the tupleM =
(X ,A, px, pa, q), where X is the finite set of states, A is the finite set of actions, px : X ×A×X →
[0, 1] is a state-transition model, pa : X × A × X × A → [0, 1] is the "passive" action-transition
dynamics, and q : X ×A → R is the cost function.
We formulate a new objective function by defining the state in saLMDP as a state-action pair
y = (x, a), and then substitute y for x in (1). After substitution, we can decompose the resulting
joint distributions uxa(x′, a′|x, a) and pxa(x′, a′|x, a) into uxa := ux(x′|x, a)ua(a′|x′, x, a) and
pxa := px(x
′|x, a)pa(a′|x′, x, a) via the chain rule, where ux : X × A × X → [0, 1] is a state-
transition policy, and ua : X × A × X × A → [0, 1] is an action transition policy. We enforce an
optimization constraint that ux(x′|x, a) = px(x′|x, a) so the controller is not free to optimize ux,
which would modify a fixed physics model encoded in px. Thus, we only allow the controller to
modify the distribution over actions, ua, giving rise to the saLMDP objective and solution:
v(x, a) = min
ua
[
q(x, a) + E
a′∼ua
[
log
(
ua(a
′|x′, x, a)
pa(a′|x′, x, a)
)]
+ E
a′∼ua
x′∼ux=px
[v(x′, a′)]
]
, (2)
u∗a(a
′|x′, x, a) = pa(a
′|x′, x, a)z(x′, a′)
G[z](x′, x, a)
, (3)
z = QPxaz, (4)
where G[z](x′, x, a) = Ea′∼pa z(x′, a′) is normalization term and z is the desirability vector onX ×A, i.e. for each y = (x, a) we have z(x, a) = exp(−v(x, a)), and u∗a is the optimal policy–we
will refer to u∗a as u
∗ for compactness2. When px is a deterministic distribution, same as the LMDP,
the optimal policy u∗ can be solved for by computing the optimal desirability function z(x, a) which
is the largest eigenvector of QPxa (see Appx. 5.2 for derivation), where Q = diag(exp(−q))
and Pxa is the matrix form of the joint passive dynamics pxa(x′, a′|x, a). In the case where px
is stochastic, the solution does not reduce down to a linear equation, but there exists an iterative
non-linear mapping for computing the desirability function (25). Henceforth, the following theory
we develop will be linear, only considering px as deterministic.
Note that as the cost of a state-action in q approaches infinity, its negatively exponentiated counterpart,
represented as a diagonal entry in Q, approaches zero. Thus, zero-entries on the diagonal effectively
2v(x, a) is the same as the "Q-function", Q(x, a), in RL [28], however, since we mostly work with z(x, a),
we keep consistent with the original LMDP notation in which q is a cost-function and Q is a cost-matrix.
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edit the transition structure of QPxa, shaping the backwards propagation of desirability when
computing (4) with power-iteration, suppressing state-actions which would violate the infinite-cost
transitions. Todorov [7] showed that z could approximate shortest-paths with arbitrary precision in
the limit of driving the internal state costs arbitrarily high towards infinity, i.e. S(x) = limc→∞
vc(x)
c ,
where S(x) is the shortest-path distance from x to the goal state and c is the internal state cost. In
this paper, obstacles are represented with infinite cost, internal states have an arbitrarily high constant
cost, and the boundary (goal) state-action has zero cost. Therefore, the saLMDP objective with this
cost structure is a discrete reach-avoid shortest-path first-exit control problem, avoiding obstacles
states while controlling to a boundary state-action. These polices are said to be goal-conditioned,
as we can explicitly interpret the policy by the goal’s grounded state-action, rendering the polices
remappable for new tasks.
3.2 Ordered Goal Task
We define an ordered goal task, which specifies a set of necessary sub-goals to be completed under
precedence constraints.
Definition 3.2 (OG-task). An Ordered-Goal task (OG-task) is defined as the tuple T =
(Σ,G,OΨ,Ψ, fΨ), where Σ is a set of 2|G| binary vectors indicating sub-goal completion, G is
a set of goal variables which are actions on Σ, OΨ is a set of precedence constraints on goal types,
Ψ is a set of types, and fΨ : G → 2Ψ is a function assigning goals to subsets of types.
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g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOX icbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4 tLyyul1bWGTjPFoM5SkaqbiGoQPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiy FBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGI qhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNyS eqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit> g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOX icbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+Y XFpeXyyuqVTjPFoMFSkaqbiGoQPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFk OCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMB RDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySO mkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOX icbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/M Li0nJ5ZfVap5liUGepSNVtRDUInkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiy FBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGI qBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkg tQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3
<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOX icbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+Y XFpeXyyuqVTjPFoMFSkaqbiGoQPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFk OCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMB RDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySO mkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOX icbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/M Li0nJ5ZfVap5liUGepSNVtRDUInkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiy FBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGI qBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkg tQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOX icbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4 tLyyul1bWGTjPFoM5SkaqbiGoQPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiy FBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGI qhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNyS eqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOX icbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+Y XFpeXyyuqVTjPFoMFSkaqbiGoQPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFk OCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMB RDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySO mkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOX icbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/M Li0nJ5ZfVap5liUGepSNVtRDUInkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiy FBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGI qBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkg tQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3
<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOX icbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+Y XFpeXyyuqVTjPFoMFSkaqbiGoQPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFk OCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMB RDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySO mkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOX icbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4 tLyyul1bWGTjPFoM5SkaqbiGoQPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiy FBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGI qhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNyS eqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOX icbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4 tLyyul1bWGTjPFoM5SkaqbiGoQPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiy FBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGI qhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNyS eqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuD KFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDUInkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD 9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3
<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkb RLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGoQPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG 6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g3
<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkb RLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGoQPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG 6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
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<latexit sha1_base64="LcfGZyBjc0gz8mGq9bb8ha5uUBs=">AAACMHicbVDLTgJBEJzF9/oCPXjwspG YeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkkkq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI92 5rtfOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lR ShiYeu3kBxouEK/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrIqU0=</latexit>010
<latexit sha1_base64="k6Ouec+ticiLAGBKUKhxr4TbEgo=">AAACMHicbVDLTgJBEJzF9/oCPXjwspG YeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkkkq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI92 5ntvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lR ShiYeu3kBxouEK/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrJqU0=</latexit>
100
<latexit sha1_base64="w/y/egdvxFuwbumvRR9u2EPEeMU=">AAACMHicbVDLTgJBEJzF9/oCPXjwspG YeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkkkq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI91 5rtvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lR ShiYeu3kBxouEK/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrKqU0=</latexit>
110
<latexit sha1_base64="yI8pH4gcestzEEhhWHYpx3NFLbw=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2I QPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgoGiunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXT teW53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyo pQxOP3T4D40XChfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJWpTg==</latexit>
011
<latexit sha1_base64="dJuw4tjt4WOyUewHPkApinLjdmE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2I QPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgoGiunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXT tel53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyo pQxOP3T4D40XChfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJOpTg==</latexit>
101
<latexit sha1_base64="+c3JQ0P8DAN6lMAaYB/Anfkz7QE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2I QPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgoGiunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXT tuV53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyo pQxOP3T4D40XChfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJSpTg==</latexit>
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Figure 1: A policy solved with the saLMDP on the OG-task state-space. Red arrows denote penalized
ordering constraints on sub-goal colors (types).
Here, OΨ is a set of precedence relations, o(·, ·), on types, e.g. o(ψ1, ψ2) ∈ OΨ =⇒ ψ1 ≺
ψ2, ψ1, ψ2 ∈ Ψ, and Σ is a binary vector state-space which tracks the progress of goal achievement.
For example: σ = [0, 1, 0, 0, 1] ∈ Σ indicates that g2, g5 ∈ G have been completed and three other
goals g1, g3, g4 ∈ G remain to be completed. With these primary objects, we can derive a transition
operator Tσ(σ′|σ, g) which specifies the dynamics of task-space under given sub-goals, with the
restriction that gi can only flip the i
th bit in the vector, σ(i). The task space transition operator Tσ
encodes the task-space cube in the example of Fig. 1. Likewise, a cost function on this space qσ(σ, g)
can be derived directly from the ordering constraints. That is, if we would like to specify that a
sub-goal of one type precedes a sub-goal of another type, e.g. ψ1 ≺ ψ2, then these constraints are
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imposed directly on to the cost function. We can define an induced precedence relation set on goals
OG := {o(gi, gj) | o(ψ1, ψ2) ∈ OΨ, ∃(ψ1, ψ2) ∈ fΨ(gi)× fΨ(gj)}.
Type relations add an additional level of symbolic reasoning into the architecture, enabling us to
make statements such as: "complete the purple sub-goals before the orange sub-goals", or "chop
wood with an axe in addition to collecting water", as depicted in Fig. 2.A and 5.A by red arrows. The
cost can then be defined as q = qσg + qσ:
qσg(σ, gi) = {∞ if : ∃gj ∈ G s.t. o(gi, gj) ∈ OG ∧ σ(j) = 1; else : 0.},
qσ(σ) = {0 if : σ = σf ; else : const.}
where qσg penalizes ordering violations on the bit-flips of σ, and qσ is a constant cost on task states
with the exception of the task-space boundary state σf = [1, 1, ...].
Since the objects of an OG-task T can be directly used to define a transition operator and a cost
function, much like Definition 3.1, we can introduce a passive transition dynamics pg(g′|σ′, σ, g)
and solve for a policy in the task space, u∗g(g
′|σ′, σ, g), which satisfies our constraints, as illustrated
in Fig. 2.A. However, synthesizing a policy only in the task space is not sufficiently useful for an
agent. To make task-states and actions useful and reusable representations, we show how to map
goal-actions to the agent’s underlying controllable space, in this case, the base space X ×A.
3.3 Grounding and Ungrounding Functions
In order handle this mapping, we introduce specialized functions called grounding and ungrounding
functions which mediate the interaction between high-level goals and the agent’s low-level dynamics.
A grounding function, h : G → X ×A is a function which associates a goal variable with a state-
action pair in the base space. An ungrounding function h¯ : X ×A → G is a left-inverse of h which
maps state-actions back to the goal variable. For grid-world examples in Fig. 2, the base action-space
A = {au, ad, ar, al, an, ag} includes an action ag , which is a special neutral action for completing a
sub-goal in addition to five standard directional actions: up, down, right, left and neutral. Consider a
saLMDP transition operator pxa(x′, a′|x, a). If we compose the Markov chain with the ungrounding
function we obtain
pgxa(g′, x′, a′|g, x, a) := h¯(g′|x′, a′)pxa(x′, a′|x, a).
Since we have specified transition dynamics Tσ over Σ in Section 3.2, we can also obtain the
following joint dynamics
pσgxa(σ
′, g′, x′, a′|σ, g, x, a) := Tσ(σ′|σ, g′)pgxa(g′, x′, a′|g, x, a).
We call pσgxa the full dynamics. Note that this transition operator is specified over a space of size
|Σ×G×X ×A|. Since Σ grows exponentially in the number of sub-goals, i.e. 2|G|, this operator over
the full product space can introduce considerable space and time complexity into the computation of
the optimal policy. However, the added complexity can be mitigated by creating specialized transition
operators called jump operators which summarize the resulting dynamics of the a policy from its
initial state to the state-action of sub-goal completion. In doing so, we can avoid representing internal
(non-subgoal) states of X and compute a solution in a lower dimensional subspace of the full space,
to be discussed in 3.6.
3.4 Jump Operator
Let g ∈ G be a goal in a given OG-task T . Recall the joint distribution uxa over the base space
X × A in Section 3.1 that expresses the control policy. Once a control policy is optimized with
a saLMDP, a Markov chain is induced. Consider an optimal shortest-path first-exit Markov chain
matrix Ug, induced by applying the distribution uxa∗g(x
′, a′|x, a) = u∗ag(a′|x′;x, a)p(x′|x, a) that
controls to the goal g’s state-action pair (x, a)g3. By slight notation abuse we might use (xg, ag)
instead of (x, a)g . With this Markov chain, we can construct a matrix
C =
[
Ug¯ Hg
0 I
]
,
3We use stylized ‘g’ to refer to goal variables and ‘g’ to refer to the goal index on a state-action (Fig. 2.A)
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<latexit sha1_base64="JG6QxsGuk6JS91LQp2rr9CAGHRc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsJ+3SzSbsboQS +hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2G/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1 FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3r1au3uotK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/2EY2V</latexit>
g4
<latexit sha1_base64="8I/WkfEhE/x6NahUpaTPSkWKTrA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHoxWNF+wFtKJvtJF262YTdjVBK f4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SjGafoxzSSPOSMGis9RP1av1R2K+4cZJV4OSlDjka/9NUbJCyLURomqNZdz02NP6HKcCZwWuxlGlPKRjTCrqWSxqj9yfzUKTm3yoCEibIlDZmrvycmNNZ6HA e2M6ZmqJe9mfif181MeO1PuEwzg5ItFoWZICYhs7/JgCtkRowtoUxxeythQ6ooMzadog3BW355lbSqFe+yUr2vles3eRwFOIUzuAAPrqAOd9CAJjCI4Ble4c0Rzovz7nwsWtecfOYE/sD5/AH3lY2W</latexit>
J(x0, a0|x, a,⇡g2)
<latexit sha1_base64="IysGvJRvUHHaKwzDkD8yv1urMfE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWCRViglqYIui27EVQX7gDaEyXTSDp1MwsxEWtIu/BU3LhRx62+482+ctllo64ELh3Pu5d57vIhRqSzr28isrK6tb2 Q3c1vbO7t75v5BQ4axwKSOQxaKlockYZSTuqKKkVYkCAo8Rpre4GbqNx+JkDTkD2oUESdAPU59ipHSkmse3RWHhRIqjIclVOpE1E16bmVy5pp5q2zNAJeJnZI8SFFzza9ON8RxQLjCDEnZtq1IOQkSimJGJrlOLEmE8AD1SFtTjgIinWR2/wSeaqUL/VDo4grO1N8TCQqkHAWe7gyQ6stFbyr+57Vj5V85CeVRrAjH80V+zKAK4TQM2KWCYMVGmiAsqL4V4j4SCCsdWU6HYC++vEwalbJ9Xq7cX+Sr12kcWXAMTkAR2OASVMEtqIE6wGAMnsEreDOejBfj3fiY t2aMdOYQ/IHx+QPFIZSq</latexit>
g2<latexit sha1_base64="zcYtrbHkoj3j4fbviYXmG2tvKNc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy 223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//ci1EbF6wEnCg4gOlRgIRtFKvo/8CY3MhtNerVeuuFV3DrJKvJxUIEejV/7y+zFLI66QSWpM13MTDDKqUTDJpyU /NTyhbEyHvGupohE3QTa/eUrOrNIng1jbUkjm6u+JjEbGTKLQdkYUR2bZm4n/ed0UB9dBJlSSIldssWiQSoIxmQVA+kJzhnJiCWVa2FsJG1FNGdqYSjYEb/nlVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w9gZZHm</latexi t>
(g02, x
0, a0|x, a,⇡g2)
<latexit sha1_base64="DKHiWmnZaHb2IG4WZ/ThNcYzNqY=">AAACEnicbVDLSgNBEJz1bXxFPXpZDBIDIexGQY+iF48RzAOyYemdTJIhs7vDTK8krPkGL /6KFw+KePXkzb9x8jhotKChqOqmuyuQgmt0nC9rYXFpeWV1bT2zsbm1vZPd3avpOFGUVWksYtUIQDPBI1ZFjoI1pGIQBoLVg/7V2K/fMaV5HN3iULJWCN2IdzgFNJKfLXh9kBKOPWQD1CLtjvxyvjjIFyF/PyhC0ZPcT7t+eVTwszmn5Exg/yXujOTIDBU/++m1Y5qELEIqQOum60hspaCQU8FGGS/RTALtQ5c1DY0gZLqVT l4a2UdGadudWJmK0J6oPydSCLUehoHpDAF7et4bi/95zQQ7562URzJBFtHpok4ibIztcT52mytGUQwNAaq4udWmPVBA0aSYMSG48y//JbVyyT0plW9OcxeXszjWyAE5JMfEJWfkglyTCqkSSh7IE3khr9aj9Wy9We/T1gVrNrNPfsH6+AagG5zK</latexit>
Task Space
⌃
<latexit sha1_base64="BPJq+0/bflPPUVaVxn+aiuvMPUE=">AAAB7XicbVDLSgNBEOz1GeM r6tHLYBA8hd0o6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWr DlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZ pJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaC80r17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bK2PBw==</latexit>
X
<latexit sha1_base64="BGaLzJX6ecM4kXtZ5vd+rNKW6Eo=">AAAB8nicbVDLSsNAFL3xWe ur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nr g2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiu GNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AlI+Rcg==</latexit>
Base Space
0100
<latexit sha1_base64="r/OefRCgQHhKFtrtF3NCdXrDh7U=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4Ktkq6LHoxWMF+wHtUrJptg1Nsk uSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GNxfjbW1vf2NzaLu2Ud/f2Dw4rR8dtE6eashaNRay7ITFMcMVallvBuolmRIaCdcLJXe53npg2PFaPdpqwQJKR4hGnxOYS9jEeVKq4hudAq8QvSBUKNAeVr/4wpqlkylJBjOn5OLFBRrTlVLBZuZ8alhA6ISPWc1QRyUyQzW+doXOnDFEUa1 fKorn6eyIj0pipDF2nJHZslr1c/M/rpTa6CTKuktQyRReLolQgG6P8cTTkmlErpo4Qqrm7FdEx0YRaF0/ZheAvv7xK2vWaf1mrP1xVG7dFHCU4hTO4AB+uoQH30IQWUBjDM7zCmye9F+/d+1i0rnnFzAn8gff5A8YOjWc=</latexit>
 0
<latexit sha1_base64="82lXN8gNoqt5DCtjTSK5daWKOmk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA9hd0o6DHoxWME84BkCbOT2W TIPNaZWSEs+QkvHhTx6u9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1kntrmEDgdFZr1T2K/4MaJkEOSlDjnqv9NXtK5IKKi3h2JhO4Cc2zLC2jHA6KXZTQxNMRnhAO45KLK gJs9m9E3TqlD6KlXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTG12HGZJJaKsl8UZxyZBWaPo/6TFNi+dgRTDRztyIyxBoT6yIquhCCxZeXSbNaCS4q1fvLcu0mj6MAx3AC5xDAFdTgDurQAAIcnuEV3rxH78V79z7mrStePnMEf+B9/gBYMI+C</latexit>
g1<latexit sha1_base64="f+DmdobITvmQkUCyy4hphiqrcVI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZ emEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//ci1EbF6wEnCg4gOlRgIRtFKvo/8CY3MhtOe1ytX3Ko7B1klXk4qkKPRK3/5/ZilEVfIJDWm67kJBhnVKJjk05KfGp5QNqZD3rVU0YibIJvfPCVnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vG6Kg+sgEypJkSu2WDRIJcGYzAIgfaE5QzmxhDIt7K2EjaimDG1MJRuCt/zyKmnVqt5FtXZ/ Wanf5HEU4QRO4Rw8uII63EEDmsAggWd4hTcndV6cd+dj0Vpw8plj+APn8wde4ZHl</latexit> g4<latexit sha1_base64="Uxmo6mjlF+/vVNrED55evki77kw=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4Kkkt6LHoxWMF+wFNKJvttF262YTdiVhC/4YXD4p49c9489+4bXPQ1gcDj/dmmJk XJlIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqDk0ey1h3QmZACgVNFCihk2hgUSihHY5vZ377EbQRsXrASQJBxIZKDARnaCXfR3hCI7PhtFfrlcpuxZ2DrhIvJ2WSo9Erffn9mKcRKOSSGdP13ASDjGkUXMK06KcGEsbHbAhdSxWLwATZ/OYpPbdKnw5ibUshnau/JzIWGTOJQtsZMRyZZW8m/ud1UxxcB5lQSYqg+GLRIJUUYzoLgPaFBo5yYgnjWthbKR8xzTjamIo2BG/55VXSqla8y0r1vlau 3+RxFMgpOSMXxCNXpE7uSIM0CScJeSav5M1JnRfn3flYtK45+cwJ+QPn8wdjbZHo</latexit>
g3
<latexit sha1_base64="MeCCOBWBGExC9urj5OReK35luaE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2FZoQtlst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y 8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaSGS6F4CwVK/pBoTqNQ8k44vpn5nUeujYjVPU4SHkR0qMRAMIpW8n3kT2hkNpz26r1yxa26c5BV4uWkAjmavfKX349ZGnGFTFJjup6bYJBRjYJJPi35qeEJZWM65F1LFY24CbL5zVNyZpU+GcTalkIyV39PZDQyZhKFtjOiODLL3kz8z+umOLgKMqGSFLlii0WDVBKMySwA0heaM5QTSyjTwt5K2IhqytDGVLIheMsvr5J2rerVq7W7 i0rjOo+jCCdwCufgwSU04Baa0AIGCTzDK7w5qfPivDsfi9aCk88cwx84nz9h6ZHn</latexit>
0000
<latexit sha1_base64="+Tde852rqXV/tEk25yTVmrkuX0w=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1Nsk uSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic0lz2FQqXo1bw68SvyCVKFAc1D56g9jmkqmLBXEmJ7vJTbIiLacCjYr91PDEkInZMR6jioimQmy+a0zfO6UIY5i7U pZPFd/T2REGjOVoeuUxI7NspeL/3m91EY3QcZVklqm6GJRlApsY5w/jodcM2rF1BFCNXe3YjommlDr4im7EPzll1dJu17zL2v1h6tq47aIowSncAYX4MM1NOAemtACCmN4hld4QxK9oHf0sWhdQ8XMCfwB+vwBxIiNZg==</latexit>
 
<latexit sha1_base64="uveq51XskeZ/BmBbyb/DEzkG8yU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5id zCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2n XUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ipp1arBRbV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPna2PJw==</latexit>
g1<latexit sha1_base64="f+DmdobITvmQkUCyy4hphiqrcVI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZ emEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//ci1EbF6wEnCg4gOlRgIRtFKvo/8CY3MhtOe1ytX3Ko7B1klXk4qkKPRK3/5/ZilEVfIJDWm67kJBhnVKJjk05KfGp5QNqZD3rVU0YibIJvfPCVnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vG6Kg+sgEypJkSu2WDRIJcGYzAIgfaE5QzmxhDIt7K2EjaimDG1MJRuCt/zyKmnVqt5FtXZ/ Wanf5HEU4QRO4Rw8uII63EEDmsAggWd4hTcndV6cd+dj0Vpw8plj+APn8wde4ZHl</latexit> g4<latexit sha1_base64="Uxmo6mjlF+/vVNrED55evki77kw=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4Kkkt6LHoxWMF+wFNKJvttF262YTdiVhC/4YXD4p49c9489+4bXPQ1gcDj/dmmJk XJlIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqDk0ey1h3QmZACgVNFCihk2hgUSihHY5vZ377EbQRsXrASQJBxIZKDARnaCXfR3hCI7PhtFfrlcpuxZ2DrhIvJ2WSo9Erffn9mKcRKOSSGdP13ASDjGkUXMK06KcGEsbHbAhdSxWLwATZ/OYpPbdKnw5ibUshnau/JzIWGTOJQtsZMRyZZW8m/ud1UxxcB5lQSYqg+GLRIJUUYzoLgPaFBo5yYgnjWthbKR8xzTjamIo2BG/55VXSqla8y0r1vlau 3+RxFMgpOSMXxCNXpE7uSIM0CScJeSav5M1JnRfn3flYtK45+cwJ+QPn8wdjbZHo</latexit>
g3
<latexit sha1_base64="MeCCOBWBGExC9urj5OReK35luaE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2FZoQtlst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y 8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaSGS6F4CwVK/pBoTqNQ8k44vpn5nUeujYjVPU4SHkR0qMRAMIpW8n3kT2hkNpz26r1yxa26c5BV4uWkAjmavfKX349ZGnGFTFJjup6bYJBRjYJJPi35qeEJZWM65F1LFY24CbL5zVNyZpU+GcTalkIyV39PZDQyZhKFtjOiODLL3kz8z+umOLgKMqGSFLlii0WDVBKMySwA0heaM5QTSyjTwt5K2IhqytDGVLIheMsvr5J2rerVq7W7 i0rjOo+jCCdwCufgwSU04Baa0AIGCTzDK7w5qfPivDsfi9aCk88cwx84nz9h6ZHn</latexit>
ug2(x
0, a0|x, a)
<latexit sha1_base64="nEpJbn2SRYaA1amTDo/sh8vG1e0=">AAAB+3icbVBNS8NAEN34WetXrEcvwSKtUEpSBT0WvXi sYD+gDWGy3bRLN5uwu5GW2L/ixYMiXv0j3vw3btsctPXBwOO9GWbm+TGjUtn2t7G2vrG5tZ3bye/u7R8cmkeFlowSgUkTRywSHR8kYZSTpqKKkU4sCIQ+I21/dDvz249ESBrxBzWJiRvCgNOAYlBa8sxC4qUDrzYtj0sVKD2NK3DumUW7as9hrRInI0WUo eGZX71+hJOQcIUZSNl17Fi5KQhFMSPTfC+RJAY8ggHpasohJNJN57dPrTOt9K0gErq4subq74kUQiknoa87Q1BDuezNxP+8bqKCazelPE4U4XixKEiYpSJrFoTVp4JgxSaaABZU32rhIQjASseV1yE4yy+vklat6lxUa/eXxfpNFkcOnaBTVEYOukJ1dIc aqIkwGqNn9IrejKnxYrwbH4vWNSObOUZ/YHz+AEopk0w=</latexit>
Optimal Policy
(Shortest Path Markov Chain)
g1
<latexit sha1_base64="tNG2Bn+fACMu25bNhVTjzxMqoo4=">AAAB6ni cbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3TpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+g fHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iPpev1xxq+4cZJV4OalAjka//NUbJCyLURomqNZdz02NP6HKc CZwWuplGlPKRjTCrqWSxqj9yfzUKTmzyoCEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MeO1PuEwzg5ItFoWZICYhs7/JgCtkRowtoUxxeythQ6ooMz adkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnBfn3flYtBacfOYY/sD5/AHzCY2T</latexit>
g2
<latexit sha1_base64="zS5ajz98bp6SfgkudQ3O35BwjW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3TpZhN2N0Ip/ QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iPq1frniVt05yCrxclKBHI1++as3SFgWozRMUK27npsaf0KV4UzgtNTLNKaUjWiEXUsljVH7k/mpU3JmlQEJE2VLGjJXf09MaKz1OA5sZ0z NUC97M/E/r5uZ8NqfcJlmBiVbLAozQUxCZn+TAVfIjBhbQpni9lbChlRRZmw6JRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsAggmd4hTdHOC/Ou/OxaC04+cwx/IHz+QP0jY2U</latexit>
g3
<latexit sha1_base64="JG6QxsGuk6JS91LQp2rr9CAGHRc=">AAAB6ni cbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B +fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2G/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUG c4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmb HplGwI3vLLq6Rdq3r1au3uotK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/2EY2V</latexit>
g4
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Figure 2: A: Grounding and ungrounding functions relate goal with state-actions. B: Optimal policies
are shortest-path state-action Markov Chains to a single goal state-action. C: Optimal polices,
represented as a Markov chain U , can be used to compute a new Jump-Operator. D: The Jump
Operator and ungrounding functions are combined to form a feasibility function which is used to
couple the task-space dynamics to the base space.
which segregates the transient state dynamics Ug¯ from the absorbing state dynamics Hg. Ug¯ is a
sub-matrix of Ug which excludes the gth row and column, and Hg is a rank-one matrix of zeros
except for the gth column, which is taken from gth column of Ug, excluding the gth element. By
taking an arbitrary power, Cτ , the elements represent the probability of remaining in the transient
states or absorbing into the goal state-action after τ time steps. The power of C in the infinite limit
can be written as [29]:
lim
τ→∞C
τ =
[
limτ→∞ Uτg¯ (
∑∞
τ=0 U
τ
g¯ )Hg
0 I
]
=
[
limτ→∞ Uτg¯ (I − Ug¯)−1Hg
0 I
]
, (5)
where (I − Ug¯)−1 is the fundamental matrix of the absorbing chain4, which is the solution to the
Neumann series
∑∞
τ=0 U
τ
g¯ . Note that the upper right sub-matrix (I − Ug¯)−1Hg is a rank-one matrix,
which represents the probability of starting in state-action (x, a)i, indexing the row space, and
absorbing into state-action (x, a)j , indexing the column space. There can only be positive probability
in (I − Ug¯)−1Hg in the case that j = g, corresponding to the single defined absorbing goal state-
action (xg, ag). Let MN , be a set of N first-exit saLMDPs, one for every grounded state-action.
Consider a set of policies for each saLMDP, UN = {u∗xag1 , u∗xag2 , ...} and an associated set of policy
indices Π = {pig1 , pig2 , ...}, which indexes corresponding members of UN to avoid overlapping
notation for high- and low-level polices. Specifically, pig points to a low-level policy: pig −→ u∗xag.
We can define a new operator using the upper-right sub-matrix for any g and its associated u∗xag as:
J((x, a)j |(x, a)i, pig) = eTi (I − Ug¯)−1Hgej , (6)
4Invertibility is generally not a concern if U is derived from a first-exit problem. See 5.6 for discussion.
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where ei and ej are one-hot unit vectors corresponding to (x, a)i and (x, a)j . The probability of
starting and ending at the boundary state-action (x, a)g is defined to be 1. J can also be written as
J((x, a)j |(x, a)i, uxag ), given that pig is simply an index variable–this will be important when we
remap low-level solutions to new problems. The new operator J is a jump operator which maps the
agent from an initial state-action to the goal state-action with the probability that it will eventually
reach it. We now show how J can be combined with h¯ to construct joint-state jump dynamics.
3.5 Feasibility Functions
Recall that in Section 3.3 we defined a new passive dynamics pgxa(g′, x′, a′|g, x, a) by composing
pxa with h¯. Likewise, now that we have defined the jump operator we can define a new representation
called a feasibility function, κ, which composes the jump operator with the ungrounding function:
κ(g′, x′, a′|x, a, pig) = h¯(g′|x′, a′)J(x′, a′|x, a, pig), (7)
Tκ(σ
′, g′, x′, a′|σ, x, a, pig) = Tσ(σ′|σ, g′)κ(g′, x′, a′|x, a, pig), (8)
The feasibility function κ : (X ×A×Π)× (G × X ×A)→ [0, 1], originally conceived of in [12]
in a non-stationary context, is a function in which the transition of the action variable (goal) of the
higher level space is parameterized in terms of the policy on the lower level space. In (8), we use the
feasibility function with the high-level operator Tσ to create coupled dynamics, Tκ, summarizing the
initial-to-final dynamics over both spaces.
3.6 Task-LMDP
With the definition of the new joint dynamics, Tκ, we are in a position to repurpose the saLMDP to
optimize a task-policy over the joint space, stitching together polices from the ensemble to complete
the task, an algorithm called the task-LMDP (tLMDP).
Definition 3.3 (task-LMDP). A task-LMDP is defined by the tupleL = (MN ,T , h), whereMN
is a set of first-exit saLMDP control problems of size N , the number of states in X to be controlled to,
T is an OG-task, and h : G → X ×A is the grounding function.
From these three components, we can derive a desirability ensemble ZN = {z1, z2, ...}, policy
ensemble UN = {u1, u2, ...}, jump operator J , ungrounding function h¯, and feasibility function, κ,
in order to construct the coupled dynamics Tκ in (8). N can either be NAll, for a complete ensemble
of all non-obstacle states, or NGS , the number of goal states defined by the grounding function. The
choice depends on whether or not the solution is intended for task-transfer, where policies in the
complete ensemble can be remapped to different problems, as we will soon explain. By defining a
uniform passive and controlled dynamics distribution ppig , upig , we arrive at the tLMDP objective:
v(s, pig) = minupig
[
q(s, pig) + E
pig∼upig
[
log
(
upig(pi
′
g|s′, s, pig)
ppig(pi
′
g|s′, s, pig)
)]
+ E
pi′g∼upig
s′∼Tκ
[v(s′, pi′g)]
]
(9)
where s = (σ, g, x, a). This objective function is similar to the saLMDP, however, the cost function
q(s, pig) is an additive mixture of functions qσg(σ, pig) + qσ(σ) + qpi(x, a, pig). Just like in Section 3.2,
qσg and qσ encodes the ordering constraints and a constant state-cost, while qpi(x, a, pig) = vpig(x, a)
encodes the cost of following the policy from (x, a) until the ungrounding of g, which is the value
function of the policy. This is significant because Jump Operators combined with a value-function
cost form compact representations which preserve low-level trajectory information. We motivate
this approach with a proof that, in the case of deterministic transition operators and polices, value
functions based on the full operator are equivalent to value functions based on the jump operator
when the jump-operator cost-function equals the value function of the low-level policy (Appx.5.9).
The optimal desirability function and policy for this coupled-state system is:
zGS = QσgQσQpiPκzGS (10)
u∗pig(pi
′
g|s′, s, pig) =
ppig(pi
′
g|s′, s, pig)zGS(s′, pi′g)
G[z](s′, s, pig)
(11)
where the Q-matrices are diagonal matrices of each negatively exponentiated cost function, and Pκ is
the matrix for the joint state-policy passive dynamics of pκ(s′, pi′|s, pi) := Tκ(s′|s, pi)ppig(pi′|s′, s, pi),
7
Grounded
<latexit sha1_base64="YqEHQnvqt2AmTSeXhS5fnDHt7gU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9gPaUDabSbt0s4m7G6GU/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nl BpnsgHM0rRj2lf8ogzaqzUvlVJJkMMe6WyW3FnIMvEy0kZctR7pa9umLAsRmmYoFp3PDc1/pgqw5nASbGbaUwpG9I+diyVNEbtj2f3TsipVUISJcqWNGSm/p4Y01jrURzYzpiagV70puJ/Xicz0ZU/5jLNDEo2XxRlgpiETJ8nIVfIjBhZQpni9lbCBlRRZmxERRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EEdGsBAwDO8wpvz6Lw4787HvHXFyWeO4A+czx8gWpAG</latexit>
Subspace
<latexit sha1_base64="HzBLjzz+vkM1JFAizaYv8GewTNg=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8eK9gPapWTT2TY0m12TrFCW/gkvHhTx6t/x5r8xbfegrQ8Cj/dmJjMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nl BpHssHM07Qj+hA8pAzaqzUvk8DnVCGvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNdrBIzrAjqWSRqj9bLbvhJxapU/CWNknDZmpvzsyGmk9jgJbGVEz1IveVPzP66QmvPIzLpPUoGTzj8JUEBOT6fGkzxUyI8aWUKa43ZWwIVWUGRtR0YbgLZ68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAQ8Ayv8OY8Oi/Ou/MxL11x8p4j+APn8wcdbZAE</latexit>
zDTE = Q¯ gQ¯ Q¯⇡P¯zGS
<latexit sha1_base64="iDTOQh/cdbzYNGkhtpLJ2+NFrOE=">AAACUHicbVFNTxsxEJ0NUGhKS0qPXCyiSj1FuxQJLkiID7XHIAggZa No1vEuVry7lj2LSFf7E7lw43dw4UBFnS+Jj45k+c17M/b4OdJKWvL9e6+2sLj0YXnlY/3T6ucva42v6+c2LwwXHZ6r3FxGaIWSmeiQJCUutRGYRkpcRMPDsX5xLYyVeXZGIy16KSaZjCVHclS/kYQp0lUUl3+qfnl0dlyxPRZGaMoTl4dWJimykMQNWVUmVTWX5so81XKK2w4PUWsn vTj312nVbzT9lj8J9h4EM9CEWbT7jbtwkPMiFRlxhdZ2A19Tr0RDkitR1cPCCo18iInoOphhKmyvnBhSse+OGbA4N25lxCbsy44SU2tHaeQqx2Pat9qY/J/WLSje7ZUy0wWJjE8vigvFKGdjd9lAGsFJjRxAbqSblfErNMjJ/UHdmRC8ffJ7cL7VCn62tk62m/sHMztWYAM24QcEsAP 78Bva0AEOt/AAT/DXu/MeveeaNy2d7/ANXkWt/g+PBrcL</latexit>
zGS = Q gQ Q⇡PzGS
<latexit sha1_base64="dl40FrjFSUQTC/UeMV27PAolz84=">AAACTHicbVBNb9QwFHQWKGX5WuDIxWKFxGmVlEpwQarooT3uCratt FlFL46TWms7lv0CbK38pf4UTlw4wD/gxg0h4WxzgC0jWRrPvJGfJzdSOIzjr9Hgxs1bO7d37wzv3rv/4OHo0eMTVzeW8TmrZW3PcnBcCs3nKFDyM2M5qFzy03x12PmnH7h1otbvcW34UkGlRSkYYJCy0XGqAM/z0l+0mT96176hs8ynTlQKaFpU7SzrL4EYQafBXIEx0G7laDYax5 N4A3qdJD0Zkx7TbPQjLWrWKK6RSXBukcQGlx4sCiZ5O0wbxw2wFVR8EagGxd3Sb37c0udBKWhZ23A00o36d8KDcm6t8jDZ7em2vU78n7dosHy99EKbBrlmVw+VjaRY064+WgjLGcp1IMCsCLtSdg4WGIaSh6nmH1mtFOjCd+35FPkndJJWbegn2W7jOjnZmyQvJ3uz/fHB276pXfK UPCMvSEJekQNyTKZkThi5JF/IN/I9+hz9jH5Fv69GB1GfeUL+wWDnD97BtdI=</latexit>
Grounded submatrix desirability
First-Exit:
(Grounded Submatrix 
largest eigenvector)
One-step Finite-Horizon:
(Matrix-vector multiplication)
Desirability to Enter
s0 ⇥⇧GS
<latexit sha1_base64="JsiaLz3YYmBzof0iGy+HBrWNDQo=">AAACM3icbVDLSsNAFJ34rPVVdelmsAiuSqKCLkUXuqxoVWhKmExu6+DMJMzcqCXkW9zqB/gx4k7c+g9Oahe+Dlw4nHMv 53LiTAqLvv/iTUxOTc/M1ubq8wuLS8uNldULm+aGQ4enMjVXMbMghYYOCpRwlRlgKpZwGd8cVf7lLRgrUn2Owwx6ig206AvO0ElRY81GPg1RKLA0bIuoOD4ro0bTb/kj0L8kGJMmGaMdrXi1MEl5rkAjl8zabuBn2CuYQcEllPUwt5AxfsMG0HVUMxfXK0bfl3TTKQntp8aNRjpSv18UTFk7VLHbVAyv7W+vEv/zujn293uF0FmOoPlXUD+XFFNaVUETYYCjHDrCuBHuV8qvmWEcXWH1UM MdT5ViOinCZFAWIcI9WkkH5U9PcedV6ZzJqrvgd1N/ycV2K9hpbZ/uNg8Oxy3WyDrZIFskIHvkgJyQNukQTobkgTySJ+/Ze/XevPev1QlvfLNGfsD7+ASeeqqC</latexit>
XA⇧ \ XA⇧GS
<latexit sha1_base64="25aybejNs8jTMMOP/881znw8Qs4=">AAACSnicbVDBbhMxEPWGtLRbWtJy5GIRVeoBRbsFCY6FHuAY1KaNFEeRd3aSWrW9K3sWiFb7C3wNV/gCfoDf4Ia41ElzS FueNNLTezOamZeVWnlKkt9R61F7Y/Px1na882R372ln/+DCF5UDHEChCzfMpEetLA5IkcZh6VCaTONldn268C8/o/OqsOc0L3Fs5MyqqQJJQZp0joSBeviuES9FX3HhkYyylefr8qT+cNZMOt2klyzBH5J0Rbpshf5kP4pFXkBl0BJo6f0oTUoa19KRAo1NLCqPpYRrOcNRoFYa9ON6+VLDD4OS82nhQlniS3V9opbG+7nJQqeRdOXvewvxf96oounbca1sWRFauF00rTSngi/y4blyCKTng UhwKtzK4Uo6CRRSjIXFL1AYI21ei3zW1ILwK3nNZ81dz0DwFttB6iaOQ3rp/awekovjXvqqd/zpdffk/SrHLfacvWBHLGVv2An7yPpswIB9Y9/ZD/Yz+hX9if5G/25bW9Fq5hm7g1b7BqOtsmg=</latexit>
XA⇧ \ XA⇧GS
<latexit sha1_base64="25aybejNs8jTMMOP/881znw8Qs4=">AAACSnicbVDBbhMxEPWGtLRbWtJy5GIRVeoBRbsFCY6FHuAY1KaNFEeRd3aSWrW9K3sWiFb7C3wNV/gCfoDf4Ia41ElzS FueNNLTezOamZeVWnlKkt9R61F7Y/Px1na882R372ln/+DCF5UDHEChCzfMpEetLA5IkcZh6VCaTONldn268C8/o/OqsOc0L3Fs5MyqqQJJQZp0joSBeviuES9FX3HhkYyylefr8qT+cNZMOt2klyzBH5J0Rbpshf5kP4pFXkBl0BJo6f0oTUoa19KRAo1NLCqPpYRrOcNRoFYa9ON6+VLDD4OS82nhQlniS3V9opbG+7nJQqeRdOXvewvxf96oounbca1sWRFauF00rTSngi/y4blyCKTngUh wKtzK4Uo6CRRSjIXFL1AYI21ei3zW1ILwK3nNZ81dz0DwFttB6iaOQ3rp/awekovjXvqqd/zpdffk/SrHLfacvWBHLGVv2An7yPpswIB9Y9/ZD/Yz+hX9if5G/25bW9Fq5hm7g1b7BqOtsmg=</latexit>
0
<latexit sha1_base64="bUZiMKm3Xhln70qcFzHoe+I/H0c=">AAACH3icbVDLSgNBEJyNrxif0aOXwSB4CrtR0KPoxWMCxgSyQWZnO3FwZnaZ6VXDsl/gVT/Ar/EmXvM3TmIO JlrQUFR1090VpVJY9P2xV1paXlldK69XNja3tnd2q3u3NskMhzZPZGK6EbMghYY2CpTQTQ0wFUnoRA9XE7/zCMaKRN/gKIW+YkMtBoIzdFLLv9ut+XV/CvqXBDNSIzM076peOYwTninQyCWzthf4KfZzZlBwCUUlzCykjD+wIfQc1UyB7efTSwt65JSYDhLjSiOdqr8ncqasHanIdSqG93bRm4j/eb0MB+f9XOg0Q9D8Z9EgkxQTOnmbxsIARzlyhHEj3K2U3zPDOLpw KqGGJ54oxXSch/GwyEOEZ7SSDot5T3HnTbZzJguXXbCY1F9y26gHJ/VG67R2cTlLsUwOyCE5JgE5IxfkmjRJm3AC5IW8kjfv3fvwPr2vn9aSN5vZJ3Pwxt/hDaMH</latexit>
0
<latexit sha1_base64="bUZiMKm3Xhln70qcFzHoe+I/H0c=">AAACH3icbVDLSgNBEJyNrxif0aOXwSB4CrtR0KPoxWMCxgSyQWZnO3FwZnaZ6VXDsl/gVT/Ar/EmXvM3TmIOJlrQUFR1090VpVJY9P2xV1paXlldK69XNja3tnd2q3u3NskMhzZPZGK6EbMghYY2CpTQTQ0wFUnoRA9XE7/zCMaKRN/gKIW+YkMtBoIzdFLLv9ut+XV/CvqXBD NSIzM076peOYwTninQyCWzthf4KfZzZlBwCUUlzCykjD+wIfQc1UyB7efTSwt65JSYDhLjSiOdqr8ncqasHanIdSqG93bRm4j/eb0MB+f9XOg0Q9D8Z9EgkxQTOnmbxsIARzlyhHEj3K2U3zPDOLpwKqGGJ54oxXSch/GwyEOEZ7SSDot5T3HnTbZzJguXXbCY1F9y26gHJ/VG67R2cTlLsUwOyCE5JgE5IxfkmjRJm3AC5IW8kjfv3fvwPr2vn9aSN5vZJ3Pwxt/hDaMH</latexit>
Submatrix
<latexit sha1_base64="eo/XUOqejXLg2y3dNKqGgesTa2E=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2oe0Q8mkmTY0yQxJRixDv8KNC0Xc+jnu/BvT6Sy09UDgcM695NwTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0dJQoQpsk4pHqBFhTziRtGmY47cSKYhFw2g 7G1zO//UiVZpG8N5OY+gIPJQsZwcZKD3dJILBR7KlfrrhVNwNaJl5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPtpFniKTqwyQGGk7JMGZervjRQLrScisJM23kgvejPxP6+bmPDST5mME0MlmX8UJhyZCM2uRwOmKDF8YgkmitmsiIywwsTYjkq2BG/x5GXSqlW9s2rt9rxSv8rrKMIRHMMpeHABdbiBBjSBgIBneIU3RzkvzrvzMR8tOPnOIfyB8/kDFUmQlw==</latexit>
Grounded
<latexit sha1_base64="YqEHQnvqt2AmTSeXhS5fnDHt7gU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9gPaUDabSbt0s4m7G6GU/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nl BpnsgHM0rRj2lf8ogzaqzUvlVJJkMMe6WyW3FnIMvEy0kZctR7pa9umLAsRmmYoFp3PDc1/pgqw5nASbGbaUwpG9I+diyVNEbtj2f3TsipVUISJcqWNGSm/p4Y01jrURzYzpiagV70puJ/Xicz0ZU/5jLNDEo2XxRlgpiETJ8nIVfIjBhZQpni9lbCBlRRZmxERRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EEdGsBAwDO8wpvz6Lw4787HvHXFyWeO4A+czx8gWpAG</latexit>
PAll
<latexit sha1_base64="m2ToWzVg7DRUL/1YTzhKYhTc5X0=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4KkkV9Fj14rGC/ YA2hM122y7dbJbdTaGE/BMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvkpxp43nfztr6xubWdmmnvLu3f3DoHh23dJIqQpsk4YnqRFhTzgRtGmY47UhFcRxx2o7G9zO/PaFKs0Q8mamkQYyHgg0YwcZKoes2wqw3xlLiMLvlPM9Dt+JVvTnQKvELUoECjdD96vUTksZ UGMKx1l3fkybIsDKMcJqXe6mmEpMxHtKupQLHVAfZ/PIcnVuljwaJsiUMmqu/JzIcaz2NI9sZYzPSy95M/M/rpmZwE2RMyNRQQRaLBilHJkGzGFCfKUoMn1qCiWL2VkRGWGFibFhlG4K//PIqadWq/mW19nhVqd8VcZTgFM7gAny4hjo8QAOaQGACz/AKb07m vDjvzseidc0pZk7gD5zPH92Gk88=</latexit>
QAll
<latexit sha1_base64="n4Os16iOINcFf72xMKpt1guA+Fs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj14rEF+ wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WjmSToR3QoecgZNVZqN/rZrRDTfqnsVtw5yCrxclKGHPV+6as3iFkaoTRMUK27nps YP6PKcCZwWuylGhPKxnSIXUsljVD72fzcKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oaEPwll9eJa1qxbusVBtX5dpdHkcBTuEMLsCDa6jBA9ShCQzG8Ayv8OYkzovz7nwsWtec fOYE/sD5/AFDoI+F</latexit>
P
<latexit sha1_base64="h7KF1+AxfdtjB/Olw/LgzNqpM24=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oUy2m3 bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj41+1htjkuC0X664VXcOskq8nFQgR6Nf/uoNYppGTBoqUOuu5ybGz1AZTgWblnqpZgnSMQ5Z1 1KJEdN+Nr94Ss6sMiBhrGxJQ+bq74kMI60nUWA7IzQjvezNxP+8bmrCaz/jMkkNk3SxKEwFMTGZvU8GXDFqxMQSpIrbWwkdoUJqbEglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOaQEHCM7zCm6OdF+fd+Vi0Fpx85hj+wPn8AbgVkPI=</latexit>
P¯<latexit sha1_base64="97g0hxI3pU00PXD1jtHh3uFUleU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgqSRV0GPRi8cK9gOaECbbTbt0s1l2N4US8k+8eFDEq//Em//GbZuDtj4YeLw3w8y8SDCqtOt+W5WNza3tnepub W//4PDIPj7pqjSTmHRwylLZj0ARRjnpaKoZ6QtJIIkY6UWT+7nfmxKpaMqf9EyQIIERpzHFoI0U2rYfgczbRZj7ExACitCuuw13AWedeCWpoxLt0P7yhynOEsI1ZqDUwHOFDnKQmmJGipqfKSIAT2BEBoZySIgK8sXlhXNhlKETp9IU185C/T2RQ6LULIlMZwJ6rFa9ufifN8h0fBvklItME46Xi+KMOTp15jE4QyoJ1mxmCGBJza0OHoMErE1YNROCt/ryOuk2G95Vo/l4XW/dlXFU0Rk6R5fIQzeohR5QG3UQRlP0jF7Rm5VbL9a79bFsrVjlzCn6A+vzBw TMk+g=</latexit>Q¯
<latexit sha1_base64="ULukvi1T+p/TyoEvZjYKNzMH4/4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3 tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7ud+54lrI2L1iNOE+xEdKREKRtFKnX5AddacDcoVt+ouQNaJl5MK5GgMyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOyMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NbPhEpS5IotF4WpJBiT+e9kKDRnKKeWUKaFvZWwMdWUoU2oZEPwVl9eJ+1a1buq1prXlfpdHkcRzuAcLsGDG6jDAzSgBQwm8Ayv8OYkzovz7nwsWwtOPnMK f+B8/gBqA4+e</latexit>
Q
<latexit sha1_base64="TIwmk8u21VOUoY7U7p41qYBa1Ac=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8e FDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZrNfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQm v/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8frGuM2Q==</latexit>
g1
<latexit sha1_base64="tNG2Bn+fACMu25bNhVTjzxMqoo4=">AAAB6nicbVBNS8NAE J3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3TpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6l CGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iPpev1xxq+4cZJV4OalAjka//NUbJCyLURomqNZdz02NP6HKcCZwWuplGlPKRjTCrqWSxqj9yfzUKTmzyoCEibIlDZmrvycmNNZ6H Ae2M6ZmqJe9mfif181MeO1PuEwzg5ItFoWZICYhs7/JgCtkRowtoUxxeythQ6ooMzadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnBfn3flYtBacfOY Y/sD5/AHzCY2T</latexit>
g2
<latexit sha1_base64="zS5ajz98bp6SfgkudQ3O35BwjW4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3TpZhN2N0Ip/QlePCji1V/kzX/jts1BWx 8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj2kkecgZNVZ6iPq1frniVt05yCrxclKBHI1++as3SFgWozRMUK27npsaf0KV4UzgtNTLNKaUjWiEXUsljVH7k/mpU3JmlQEJE2VLGjJXf09MaKz1OA5sZ0zNUC97M/E/r5uZ8NqfcJlmBiVbLAozQUxCZn+TAVfIjBhbQpni9lbChlRRZmw6JR uCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsAggmd4hTdHOC/Ou/OxaC04+cwx/IHz+QP0jY2U</latexit>
g3
<latexit sha1_base64="JG6QxsGuk6JS91LQp2rr9CAGHRc=">AAAB6nicbVBNS8NAE J3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhK FNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+2G/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ 1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3r1au3uotK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DP H8AfO5w/2EY2V</latexit>
Grounded
<latexit sha1_base64="YqEHQnvqt2AmTSeXhS5fnDHt7gU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9gPaUDabSbt0s4 m7G6GU/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnsgHM0rRj2lf8ogzaqzUvlVJJkMMe6WyW3FnIMvEy0kZctR7pa9umLAsRmmYoFp3PDc1/pgqw5nASbGbaUwpG9I+diyVNEbtj2f3TsipV UISJcqWNGSm/p4Y01jrURzYzpiagV70puJ/Xicz0ZU/5jLNDEo2XxRlgpiETJ8nIVfIjBhZQpni9lbCBlRRZmxERRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EEdGsBAwDO8wpvz6Lw4787HvHXFyWeO4A+czx8gWpAG</latexit>
Subspace
<latexit sha1_base64="HzBLjzz+vkM1JFAizaYv8GewTNg=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8eK9gPapWTT2TY0m1 2TrFCW/gkvHhTx6t/x5r8xbfegrQ8Cj/dmJjMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHssHM07Qj+hA8pAzaqzUvk8DnVCGvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNdrBIzrAjqWSRqj9bLbvhJxap U/CWNknDZmpvzsyGmk9jgJbGVEz1IveVPzP66QmvPIzLpPUoGTzj8JUEBOT6fGkzxUyI8aWUKa43ZWwIVWUGRtR0YbgLZ68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAQ8Ayv8OY8Oi/Ou/MxL11x8p4j+APn8wcdbZAE</latexit>
Grounded
<latexit sha1_base64="YqEHQnvqt2AmTSeXhS5fnDHt7gU=">AAA B73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj0oMcK9gPaUDabSbt0s4m7G6GU/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nZXVtfWNz cJWcXtnd2+/dHDY1EmmGDZYIhLVDqhGwSU2DDcC26lCGgcCW8HwZuq3nlBpnsgHM0rRj2lf8ogzaqzUvlVJJkMMe6WyW3FnIMvEy0kZctR7pa 9umLAsRmmYoFp3PDc1/pgqw5nASbGbaUwpG9I+diyVNEbtj2f3TsipVUISJcqWNGSm/p4Y01jrURzYzpiagV70puJ/Xicz0ZU/5jLNDEo2XxRl gpiETJ8nIVfIjBhZQpni9lbCBlRRZmxERRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EEdGsBAwDO8wpvz6Lw4787HvHXFyWeO4A+cz x8gWpAG</latexit>
Subspace
<latexit sha1_base64="HzBLjzz+vkM1JFAizaYv8GewTNg=">AAA B73icbVBNSwMxEJ31s9avqkcvwSJ4KrtV0GPRi8eK9gPapWTT2TY0m12TrFCW/gkvHhTx6t/x5r8xbfegrQ8Cj/dmJjMvSATXxnW/nZXVtfWNz cJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHssHM07Qj+hA8pAzaqzUvk8DnVCGvVLZrbgzkGXi5aQMOeq90l e3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNdrBIzrAjqWSRqj9bLbvhJxapU/CWNknDZmpvzsyGmk9jgJbGVEz1IveVPzP66QmvPIzLpPUoGTzj8JU EBOT6fGkzxUyI8aWUKa43ZWwIVWUGRtR0YbgLZ68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAQ8Ayv8OY8Oi/Ou/MxL11x8p4j+APn8 wcdbZAE</latexit>
g1<latexit sha1_base64="f+DmdobITvmQkUCyy4hphiqrcVI=">AAAB83icbVBNS 8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy223bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCa nhUijeRIGSdxLNaRRK3g7HtzO//ci1EbF6wEnCg4gOlRgIRtFKvo/8CY3MhtOe1ytX3Ko7B1klXk4qkKPRK3/5/ZilEVfIJDWm67kJBhnVKJjk05KfGp5QNqZD3rVU0Yi bIJvfPCVnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vG6Kg+sgEypJkSu2WDRIJcGYzAIgfaE5QzmxhDIt7K2EjaimDG1MJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO 4Rw8uII63EEDmsAggWd4hTcndV6cd+dj0Vpw8plj+APn8wde4ZHl</latexit>
g3
<latexit sha1_base64="MeCCOBWBGExC9urj5OReK35luaE=">AAAB83icbVBNS 8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2FZoQtlst+3SzSbsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6Ia SGS6F4CwVK/pBoTqNQ8k44vpn5nUeujYjVPU4SHkR0qMRAMIpW8n3kT2hkNpz26r1yxa26c5BV4uWkAjmavfKX349ZGnGFTFJjup6bYJBRjYJJPi35qeEJZWM65F1LFY2 4CbL5zVNyZpU+GcTalkIyV39PZDQyZhKFtjOiODLL3kz8z+umOLgKMqGSFLlii0WDVBKMySwA0heaM5QTSyjTwt5K2IhqytDGVLIheMsvr5J2rerVq7W7i0rjOo+jCCdw CufgwSU04Baa0AIGCTzDK7w5qfPivDsfi9aCk88cwx84nz9h6ZHn</latexit>
g2<latexit sha1_base64="zcYtrbHkoj3j4fbviYXmG2tvKNc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ac0oWy223bpZhN2J2IJ/RtePCji1T /jzX/jts1BWx8MPN6bYWZemEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCanhUijeRIGSdxLNaRRK3g7HtzO//ci1EbF6wEnCg4gOlRgIRtFKvo/8CY3MhtNerVeuuFV3DrJKvJxUIEejV/7y+zFLI66QSWpM13MTDDKqUTDJpyU/NTyhbEyHvGupohE3QTa/eUrOrNIng1jbUkjm6u+JjEbGTKLQdkYUR2bZm4n/ed0UB9dB JlSSIldssWiQSoIxmQVA+kJzhnJiCWVa2FsJG1FNGdqYSjYEb/nlVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIFBAs/wCm9O6rw4787HorXg5DPH8AfO5w9gZZHm</latexit>
u⇤g2
<latexit sha1_base64="c9IFAivO5EKhIIZSJJ/S+7fswSg=">AAAC23ic1VHLSsQwFM3U9/u1dBMcBHExtKOgS9GNSwXHBzN1SNM7NZikJblVh9KVO3En7vRP/BH/xnScha8f8EDgcM693Ht zokwKi77/XvNGRsfGJyanpmdm5+YXFpeWT22aGw4tnsrUnEfMghQaWihQwnlmgKlIwll0fVD5ZzdgrEj1CfYzCBVLtOgJztBJF/nlZrdIus2yu1j3G/4A9DcJhqROhjjqLtXeOnHKcwUauWTWtgM/w7BgBgWXUE53cgsZ49csgbajmimwYTHYuKTrTolpLzXuaaQD9WtHwZS1fRW5SsXwyv70KvEvr51jbzcshM5yBM0/B/VySTGl1fk0FgY4yr4jjBvhdqX8ihnG0X3S/9xZwy1PlWI6LjpxUhYdh Du0kibld09x51XTOZNV3sHPdH+T02Yj2Go0j7fre/vD5CfJKlkjGyQgO2SPHJIj0iKcKPJEXsirF3r33oP3+Fnq1YY9K+QbvOcP093q0Q==</latexit>
u⇤g1
<latexit sha1_base64="EVVlTxtij9BiGPjetB3AA7GJ3Sk=">AAAC23ic1VHLSsQwFM3U93 vUpZvgIIiLoVVBl6IblwqOD2bqkKZ3ajBJS3KrDqUrd+JO3Omf+CP+jek4C18/4IHA4Zx7uffmRJkUFn3/veaNjI6NT0xOTc/Mzs0v1BeXTm2aGw4tnsrUnEfMghQaWihQwnlmgKlIwll0fVD5Z zdgrEj1CfYzCBVLtOgJztBJF/nlRrdIukHZrTf8pj8A/U2CIWmQIY66i7W3TpzyXIFGLpm17cDPMCyYQcEllNOd3ELG+DVLoO2oZgpsWAw2LumaU2LaS417GulA/dpRMGVtX0WuUjG8sj+9Svz La+fY2w0LobMcQfPPQb1cUkxpdT6NhQGOsu8I40a4XSm/YoZxdJ/0P3fWcMtTpZiOi06clEUH4Q6tpEn53VPcedV0zmSVd/Az3d/kdLMZbDU3j7cbe/vD5CfJClkl6yQgO2SPHJIj0iKcKPJEXs irF3r33oP3+Fnq1YY9y+QbvOcP0W3q0A==</latexit>
u⇤g3
<latexit sha1_base64="GMI4i8LfvXUPgDf6b2U8zXdY5Jg=">AAAC23ic1VHLSsQwFM3U9/ u1dBMcBHExtI6gS9GNSwXHBzN1SNM7NZikJblVh9KVO3En7vRP/BH/xnScha8f8EDgcM693HtzokwKi77/XvNGRsfGJyanpmdm5+YXFpeWT22aGw4tnsrUnEfMghQaWihQwnlmgKlIwll0fVD5Z zdgrEj1CfYzCBVLtOgJztBJF/nlZrdIus2yu1j3G/4A9DcJhqROhjjqLtXeOnHKcwUauWTWtgM/w7BgBgWXUE53cgsZ49csgbajmimwYTHYuKTrTolpLzXuaaQD9WtHwZS1fRW5SsXwyv70KvE vr51jbzcshM5yBM0/B/VySTGl1fk0FgY4yr4jjBvhdqX8ihnG0X3S/9xZwy1PlWI6LjpxUhYdhDu0kibld09x51XTOZNV3sHPdH+T061G0GxsHW/X9/aHyU+SVbJGNkhAdsgeOSRHpEU4UeSJvJ BXL/TuvQfv8bPUqw17Vsg3eM8f1k3q0g==</latexit>
⇡g1<latexit sha1_base64="QsUwfVqjFz3qHGwMAAVq9noAMn0=">AA ACc3icrVHLTsMwEHTDq7wpHLlYFCQuVElBgiOCC0dAFJCaqnKcbbHwI7I3QBXlM7jCd/Eh3HFKD7yOjGRpNLNrr2eTTAqHYfhWC6amZ2bn6 vMLi0vLK6trjfVrZ3LLocONNPY2YQ6k0NBBgRJuMwtMJRJukvvTyr95AOuE0Vc4yqCn2FCLgeAMvdSNM9Ev4nTYj8r+WjNshWPQ3ySakCaZ 4LzfqF3GqeG5Ao1cMue6UZhhr2AWBZdQLsS5g4zxezaErqeaKXC9YjxzSXe8ktKBsf5opGP1a0fBlHMjlfhKxfDO/fQq8S+vm+PgqFcIneU Imn8+NMglRUOrAGgqLHCUI08Yt8LPSvkds4yjj+k/b9LwyI1STKdVwmURIzyhk3RYfvcU9171D85ktYXoZ+a/yXW7Fe232hcHzeOTyT7qZJ NskV0SkUNyTM7IOekQTgx5Ji/ktfYebAZbwfZnaVCb9GyQbwj2PgCxL8Gk</latexit>
⇡g2<latexit sha1_base64="Z5iEy+x42ErQBElJbxGVwfl78aY=">AA ACc3icrVHLTsMwEHTDq7wpHLlYFCQuVElBgiOCC0dAFJCaqnKcbbHwI7I3QBXlM7jCd/Eh3HFKD7yOjGRpNLNrr2eTTAqHYfhWC6amZ2bn6 vMLi0vLK6trjfVrZ3LLocONNPY2YQ6k0NBBgRJuMwtMJRJukvvTyr95AOuE0Vc4yqCn2FCLgeAMvdSNM9Ev4nTYb5f9tWbYCsegv0k0IU0y wXm/UbuMU8NzBRq5ZM51ozDDXsEsCi6hXIhzBxnj92wIXU81U+B6xXjmku54JaUDY/3RSMfq146CKedGKvGViuGd++lV4l9eN8fBUa8QOss RNP98aJBLioZWAdBUWOAoR54wboWflfI7ZhlHH9N/3qThkRulmE6rhMsiRnhCJ+mw/O4p7r3qH5zJagvRz8x/k+t2K9pvtS8Omscnk33UyS bZIrskIofkmJyRc9IhnBjyTF7Ia+092Ay2gu3P0qA26dkg3xDsfQCzNcGl</latexit>
⇡g3
<latexit sha1_base64="pM8SQ1buio9eaTgOoEXVR/j79l0=">AA ACc3icrVHJTsMwEHXDVvbtyMWiIHGhSgoSHBFcOBZEAampKseZFgsvkT0BqiifwRW+iw/hjlN6YDvyJEtP783Y4zdJJoXDMHyrBVPTM7Nz9 fmFxaXlldW19Y1rZ3LLocONNPY2YQ6k0NBBgRJuMwtMJRJukvuzyr95AOuE0Vc4yqCn2FCLgeAMvdSNM9Ev4nTYPyj7a42wGY5Bf5NoQhpk gnZ/vXYZp4bnCjRyyZzrRmGGvYJZFFxCuRDnDjLG79kQup5qpsD1ivHMJd31SkoHxvqjkY7Vrx0FU86NVOIrFcM799OrxL+8bo6D414hdJY jaP750CCXFA2tAqCpsMBRjjxh3Ao/K+V3zDKOPqb/vEnDIzdKMZ1WCZdFjPCETtJh+d1T3HvVPziT1Rain5n/JtetZnTQbF0cNk5OJ/uoky 2yTfZIRI7ICTknbdIhnBjyTF7Ia+092Aq2g53P0qA26dkk3xDsfwC1O8Gm</latexit>
000
<latexit sha1_base64="nEnk7PGoJPtud+lSjZGLLFXZQM0=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI925rtvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUj+qUw=</latexit>
001
<latexit sha1_base64="LcfGZyBjc0gz8mGq9bb8ha5uUBs=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI925rtfOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrIqU0=</latexit>010
<latexit sha1_base64="k6Ouec+ticiLAGBKUKhxr4TbEgo=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI925ntvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrJqU0=</latexit>
100
<latexit sha1_base64="w/y/egdvxFuwbumvRR9u2EPEeMU=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI915rtvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrKqU0=</latexit>
110
<latexit sha1_base64="yI8pH4gcestzEEhhWHYpx3NFLbw=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTteW53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJWpTg==</latexit>
011
<latexit sha1_base64="dJuw4tjt4WOyUewHPkApinLjdmE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTtel53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJOpTg==</latexit>
101
<latexit sha1_base64="+c3JQ0P8DAN6lMAaYB/Anfkz7QE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTtuV53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJSpTg==</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit> g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
000
<latexit sha1_base64="nEnk7PGoJPtud+lSjZGLLFXZQM0=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI925rtvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUj+qUw=</latexit>
001
<latexit sha1_base64="LcfGZyBjc0gz8mGq9bb8ha5uUBs=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI925rtfOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrIqU0=</latexit>010
<latexit sha1_base64="k6Ouec+ticiLAGBKUKhxr4TbEgo=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI925ntvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrJqU0=</latexit>
100
<latexit sha1_base64="w/y/egdvxFuwbumvRR9u2EPEeMU=">AAACMHicbVDLTgJBEJzF9/oCPXjwspGYeCK7aKJHfBy8GDWKkAAhs0MDE2Yfmek1wcl+glf9D79GT8arX+EschCwkk kq1d3TXeXHgit03Q8rNze/sLi0vGKvrq1vbOYLWw8qSiSDKotEJOs+VSB4CFXkKKAeS6CBL6DmD86zeu0RpOJReI/DGFoB7YW8yxlFI915rtvOF92SO4IzS7wxKZIxbtoFa6fZiVgSQIhMUKUanhtjS1OJnAlI7WaiIKZsQHvQMDSkAaiWHt2aOvtG6TjdSJoXojNS/05oGig1DHzTGVDsq+laJv5XayTYPWlpHsYJQsh+F3UT4WDkZMadDpfAUAwNoUxyc6vD+lRShiYeu3kBxouE K/PvqYj71AfUzWxL/MRSfX3vpXrEglRznPCoh5kTldq2idKbDm6WPJRL3mGpfHtUrJyNQ10mu2SPHBCPHJMKuSQ3pEoY6ZFn8kJerTfr3fq0vn5bc9Z4ZptMwPr+AUrKqU0=</latexit>
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<latexit sha1_base64="yI8pH4gcestzEEhhWHYpx3NFLbw=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTteW53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJWpTg==</latexit>
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<latexit sha1_base64="dJuw4tjt4WOyUewHPkApinLjdmE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTtel53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJOpTg==</latexit>
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<latexit sha1_base64="+c3JQ0P8DAN6lMAaYB/Anfkz7QE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTtuV53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJSpTg==</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit> g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
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<latexit sha1_base64="yI8pH4gcestzEEhhWHYpx3NFLbw=">AAACMHicbVDLSgNBEJy Nr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgoGiunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CB L+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTteW53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pD CgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XChfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZ bJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJWpTg==</latexit>
011
<latexit sha1_base64="dJuw4tjt4WOyUewHPkApinLjdmE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTtel53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJOpTg==</latexit>
101
<latexit sha1_base64="+c3JQ0P8DAN6lMAaYB/Anfkz7QE=">AAACMHicbVDLSgNBEJyNr7i+9eDBy2IQPIXdKOjR18GLGDFRIQlhdtJJBmcfzPQKcdhP8Kr/4dfoSbz6Fc5u9qDGgo Giunu6q/xYcIWu+26VpqZnZufK8/bC4tLyyura+o2KEsmgySIRyTufKhA8hCZyFHAXS6CBL+DWvz/N6rcPIBWPwgaOYugEdBDyPmcUjXTtuV53teJW3RzOJPEKUiEF6t01a7Pdi1gSQIhMUKVanhtjR1OJnAlI7XaiIKbsng6gZWhIA1Adnd+aOjtG6Tn9SJoXopOrPyc0DZQaBb7pDCgO1d9aJv5XayXYP+xoHsYJQsjGi/qJcDByMuNOj0tgKEaGUCa5udVhQyopQxOP3T4D40XC hfn3WMRD6gPqdrYlfmSpvmx4qc5ZkGqOvzzqUeZEpbZtovT+BjdJbmpVb69au9qvHJ0UoZbJFtkmu8QjB+SInJM6aRJGBuSJPJMX69V6sz6sz3FrySpmNsgvWF/fTJSpTg==</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDa gtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGoQPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcC X2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75 erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit> g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgU kJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDUInkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcC X2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdy sHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWi gNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGoQPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4E vsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsV g6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
g3<latexit sha1_base64="RgYPqMujiH9/0G9AU8Lb/yia5Jo=">AAACOXicbVDLTsMwEHR4lvAqcODAJaJC4lQlFAmOvA5cEEWigNRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mlubc+YXFpeXyyuqVTjPFoMFSkaqbiGo QPIEGchRwIxXQOBJwHQ2Oi/r1LSjN0+QShxJaMe0lvMsZRSuFIcIdamF6ebvWLlf8qj+C95cEY1IhY9TbK8562ElZFkOCTFCtm4EvsWWoQs4E5G6YaZCUDWgPmpYmNAbdMqOjc2/LKh2vmyr7EvRG6vcJQ2Oth3FkO2OKff27Voj/1ZoZdvdbhicyQ0jY16JuJjxMvSIBr8MVMBRDSyhT3N7qsT5VlKHNyQ1PwHpRcGb/PRSyTyNAExZb5D3LzfllkJsRi3PD8YdHMyyc6Nx1bZTB7+D+kqudalCr7lzsVg6OxqGWyAbZJNskIHvkgJySOmkQRiR5II/kyXl2Xp035/2rdcIZz6yRH3A+PgGJoq4H</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>
g1<latexit sha1_base64="uDJ0Rb4RaLZAIeca4T216U22T6Q=">AAACOXicbVDLTsMwEHR4E14FDhy4RFRInKoEkOBYHgcuCJDagtRUleNuW6tOYtkbRLHyG1zhP/gSjtwQV34Ap/TAayRLo9ld785EUnCNvv/iTExOTc/Mzs27C4tLyyul1bWGTjPFoM5SkaqbiGo QPIE6chRwIxXQOBJwHQ1Oivr1LSjN06SGQwmtmPYS3uWMopXCEOEOtTC9vB20S2W/4o/g/SXBmJTJGJftVWcj7KQsiyFBJqjWzcCX2DJUIWcCcjfMNEjKBrQHTUsTGoNumdHRubdtlY7XTZV9CXoj9fuEobHWwziynTHFvv5dK8T/as0Mu4ctwxOZISTsa1E3Ex6mXpGA1+EKGIqhJZQpbm/1WJ8qytDm5IanYL0oOLf/HgnZpxGgCYst8p7l5qIW5GbE4txw/OHRDAsnOnddG2XwO7i/pLFbCfYqu1f75erxONQ5skm2yA4JyAGpkjNySeqEEUkeyCN5cp6dV+fNef9qnXDGM+vkB5yPT4YOrgU=</latexit>
g2<latexit sha1_base64="DCBUQhm0At6gs+I7QozF9OWBEjU=">AAACOXicbVDLTsMwEHTKO7wKHDhwiaiQOFVJQYIjrwMXBEgUkJqqctxta9VJLHuDKFZ+gyv8B1/CkRviyg/glB6AMpKl0eyud2ciKbhG3391ShOTU9Mzs3Pu/MLi0nJ5ZfVap5liUGepSNVtRDU InkAdOQq4lQpoHAm4ifrHRf3mDpTmaXKFAwnNmHYT3uGMopXCEOEetTDdvFVrlSt+1R/CGyfBiFTICBetFWc9bKcsiyFBJqjWjcCX2DRUIWcCcjfMNEjK+rQLDUsTGoNumuHRubdllbbXSZV9CXpD9eeEobHWgziynTHFnv5bK8T/ao0MO/tNwxOZISTse1EnEx6mXpGA1+YKGIqBJZQpbm/1WI8qytDm5IYnYL0oOLP/HgrZoxGgCYst8oHl5vwqyM2Qxbnh+MujGRROdO66Nsrgb3Dj5LpWDXaqtcvdysHRKNRZskE2yTYJyB45IKfkgtQJI5I8kify7Lw4b8678/HdWnJGM2vkF5zPL4fYrgY=</latexit>
Success!Joint State
(000, g0, x0, a0)
<latexit sha1_base64="FyTzfCkgpB5UQ7q RvnujsiLBD/Q=">AAACA3icbVDLSgNBEJyNrxhfq970shiECCHMRkGPQS8eI5gHJMsyO5lNhsw +mOmVhCXgxV/x4kERr/6EN//GSbIHTSxoKKq66e7yYsEVYPxt5FZW19Y38puFre2d3T1z/6Cp okRS1qCRiGTbI4oJHrIGcBCsHUtGAk+wlje8mfqtByYVj8J7GMfMCUg/5D6nBLTkmkcljHG5C 2wESqT9iYvLI13ExWeuWcQVPIO1TOyMFFGGumt+dXsRTQIWAhVEqY6NY3BSIoFTwSaFbqJYTOi Q9FlH05AETDnp7IeJdaqVnuVHUlcI1kz9PZGSQKlx4OnOgMBALXpT8T+vk4B/5aQ8jBNgIZ0v 8hNhQWRNA7F6XDIKYqwJoZLrWy06IJJQ0LEVdAj24svLpFmt2OeV6t1FsXadxZFHx+gElZCNL lEN3aI6aiCKHtEzekVvxpPxYrwbH/PWnJHNHKI/MD5/AEAWlf0=</latexit>
(001, g3, xg3 , ag)
<latexit sha1_base64="JE+cWWqTQ195s8/LptQqRtowoH8=">AAACB3icbVDLSsNAFJ34rP UVdSlIsAgVSklaQZdFNy4r2Ae0IUymk3To5MHMjbSE7Nz4K25cKOLWX3Dn3zhts9DWAxcO59zLvfe4MWcSTPNbW1ldW9/YLGwVt3d29/b1g8O2jBJBaItEPBJdF0vKWUhbwIDTbiwoDlxOO+7oZ up3HqiQLArvYRJTO8B+yDxGMCjJ0U/KpmlV+kDHIHnqZ069MnZS36lnFez4545eMqvmDMYysXJSQjmajv7VH0QkCWgIhGMpe5YZg51iAYxwmhX7iaQxJiPs056iIQ6otNPZH5lxppSB4UVCVQj GTP09keJAykngqs4Aw1AuelPxP6+XgHdlpyyME6AhmS/yEm5AZExDMQZMUAJ8oggmgqlbDTLEAhNQ0RVVCNbiy8ukXata9Wrt7qLUuM7jKKBjdIrKyEKXqIFuURO1EEGP6Bm9ojftSXvR3rWPee uKls8coT/QPn8A/7aYIQ==</latexit>
(101, g1, xg1 , ag)
<latexit sha1_base64="jQ5Gm8Ujhlh5Lu0P+9sZBT+sE1E=">AAACB3icbVDLSgNBEJyNrx hfqx4FWQxChBB2oqDHoBePEcwDkmWZnUw2Q2YfzPRKwpKbF3/FiwdFvPoL3vwbJ8keNLGgoajqprvLiwVXYNvfRm5ldW19I79Z2Nre2d0z9w+aKkokZQ0aiUi2PaKY4CFrAAfB2rFkJPAEa3nDm 6nfemBS8Si8h3HMnID4Ie9zSkBLrnlcwjYud4GNQInUn7i4PHJT38WTMnH9M9cs2hV7BmuZ4IwUUYa6a351exFNAhYCFUSpDrZjcFIigVPBJoVuolhM6JD4rKNpSAKmnHT2x8Q61UrP6kdSVwj WTP09kZJAqXHg6c6AwEAtelPxP6+TQP/KSXkYJ8BCOl/UT4QFkTUNxepxySiIsSaESq5vteiASEJBR1fQIeDFl5dJs1rB55Xq3UWxdp3FkUdH6ASVEEaXqIZuUR01EEWP6Bm9ojfjyXgx3o2PeW vOyGYO0R8Ynz/7IJge</latexit>
(111, g2, xg2 , ag)
<latexit sha1_base64="ZPgXzQoKHUgiZyZfXYaW5hJfSso=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWoUEoSBV0W3bisYB/QhjCZTtKhkwczN9ISunPjr7hxoYhbf8Gdf+O0zUJbD1w4nHM v997jJZxJMM1vrbCyura+UdwsbW3v7O7p+wctGaeC0CaJeSw6HpaUs4g2gQGnnURQHHqctr3hzdRvP1AhWRzdwzihToiDiPmMYFCSqx9XLMuq9oCOQPIsmLh2deRmgWtPqtgNzly9bNbMGYxlYuWkjHI0XP2r149JGtIICMdSdi0zASfDAhjhdFLqpZImmAxxQLuKRjik0slmf0yMU6X0DT8WqiIwZurviQyHUo5DT3WGGAZy0ZuK/3ndFPwrJ2NRkgKNyHyRn3IDYmMaitFnghLgY0UwEUzdapABF piAiq6kQrAWX14mLbtmndfsu4ty/TqPo4iO0AmqIAtdojq6RQ3URAQ9omf0it60J+1Fe9c+5q0FLZ85RH+gff4A/9qYIQ==</latexit>
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Ordering
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Figure 3: First-exit/Finite-horizon Decomposition (Grounded-Subspace). A tLMDP policy upig
generates coupled trajectories for a task. Green arrows on the base state-space depict the jump
trajectories whereas green arrows on the top cube are the corresponding dynamics induced in task
space. The green line on X shows the agent’s trajectory when following the sampled polices until
ungrounding. Dashed green arrows indicated that the policy was sampled using the DTE, which was
computed from outside the grounded subspace. XAΠGS := XAGS ×ΠGS is shorthand for the set
of indices (x, a, pig) which are restricted to the grounded sub-space, where XAGS := {(x, a) ←
h(g) | ∀g ∈ G}, ΠGS := {pig | ∀g ∈ G}, and XAΠ := X × A × Π is the full product space.
PκAll is the passive dynamics matrix over the complete ensemble UAll, and QAll is a cost matrix
on the same space. By computing the solution in the grounded subspace, we can compute the
largest eigenvector solution on the grounded submatrix without needing to form the full matrices.
Because the grounded-subspace (row-space in the complete matrices) has zero entries outside of the
grounded state-action-polices, an agent that starts at (x, a)g and calls policy pig will remain within
XAΠGS . When the agent starts outside the GS at state s0, it chooses a policy in ΠGS , which will
only communicate with the grounded submatrix.
analogous to Pxa in (4). In (10), all matrices have the indexing scheme (σ, g, xg, ag, pig). However,
the grounding function is one-to-one, so there are onlyNg (g, x, a) tuples, and there areNg polices pig,
which advance σ by ungrounding from these state-action pairs, called the Grounded Subspace (GS).
Hence, the transition matrix Pκ can be represented as a spare matrix of size |Σ|N2g × |Σ|N2g . We can
compute the first-exit problem restricted to this sub-space, then compute the desirability for the agent’s
best initial state policy pair (s, pig)0 which lies outside the GS (for all possible pig from the state).
This is the desirability to enter grounded subspace (and then complete the task) at a given grounded
state-action under a policy from the initial (x, a, pig)0. Henceforth, we call this the Desirability-To-
Enter (DTE): zDTE = Q¯σgQ¯σQ¯piP¯κzGS , which is a single matrix-vector multiplication where zGS
is the result of (10) computed for the grounded subspace (see 3 for visualization). P¯κ is wide matrix
of size Ng × |Σ|N2g where rows correspond to the agent’s current state s paired with members of
the set of GS-polices {pig}GS , and Q¯-matrices are Ng ×Ng diagonal cost matrices specific to the
starting state. By computing zGS separately from zDTE we effectively break the problem into two
parts, a one-step finite horizon problem for interior states (where the "step" is a single policy call, not
one discrete time-step) and a first-exit problem for the GS. This enables the agent to be anywhere in
the state-space while requiring only one additional linear transformation to act optimally.
Note that the ordering constraints in Qσg are acting on the row space of Pκ, where κ determines
the structure of Pκ using global knowledge of sub-goal connectivity. Also, since the cost func-
tion qpi equals the value function, i.e. qpi(pig, x, a) = vpig(x, a), the cost matrix Qpi has diago-
nal entries which are the desirability functions of each sub-problem concatenated into a vector:
Qpi = diag(exp(−qpi)) = diag(exp(−vpi)) = diag(zpi). (see Appx.5.1 for architecture visual-
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X
<latexit sha1_base64="BGaLzJX6ecM4kXtZ5vd+rNKW6Eo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKu iy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrB KvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26K OEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AlI+Rcg==</latexit>
⇧ = {⇡g1 ,⇡g2 ,⇡g3 ,⇡g4}
<latexit sha1_base64=" oMzSswZxoliM73TIt9ZjHQR6qpE=">AAACWXicbZDfS htBFMZnt1XTWDXWy94MhoIXJexGQb0QxN70MgWjQiYs s7MncXBmdpk5q4Zln8Wn8ba9Ln2ZzsYg8c+BgR/fdw7 nzJcWSjqMor9B+OHjyupa61N7/fPG5lZn+8uFy0srYC hyldurlDtQ0sAQJSq4KixwnSq4TG9+NP7lLVgnc3OO swLGmk+NnEjB0UtJ55gNJD2hrGKFTCqWTZO4/v7M/SX eX+KDmtVJpxv1onnRtxAvoEsWNUi2gxbLclFqMCgUd2 4URwWOK25RCgV1m5UOCi5u+BRGHg3X4MbV/I81/eaVj E5y659BOleXJyqunZvp1HdqjtfutdeI73mjEidH40qa okQw4mnRpFQUc9oERjNpQaCaeeDCSn8rFdfccoE+1jY zcCdyrbnJmmTqiiHco1N0Wr/0tPBes11w1WQXv07qLV z0e/F+r//roHt6tkixRb6SXbJHYnJITslPMiBDIsgDe SS/yZ/gXxiErbD91BoGi5kd8qLCnf8eU7YU</latexi t>
UFull = {u⇤1, u⇤2, u⇤3, u⇤4, u⇤5, u⇤6, u⇤7, u⇤8, u⇤9}
<latexit sha1_bas e64="/CKF08nf2xovX66bY5s9fnEZY3c= ">AAACenicbZDPbhMxEMadpUAI/1I4cr EaIfFP0W4aaDkgVa1U9Vgk0lZkw8o7O0m t2t6V7QUia9+N1+AFuNIH6KHe1AfaMpL1 +zTfjMb68kpwY+P4dye6s3b33v3ug97DR 4+fPO2vPzsyZa0BJ1CKUp/kzKDgCieWW4 EnlUYmc4HH+dle6x9/R214qb7YZYUzyR aKzzkw61tZ/2sqgU4yt18L0dBPNHX1tze ZS5p3K44CNwPHge8DPwRuBW4HfmzSJusP 4mG8KnpbJEEMSKjDbL3TTYsSaonKgmDGT JO4sjPHtOUgsOmltcGKwRlb4NRLxSSam VuF0NCXvlPQean9U5auuv9uOCaNWcrcT0 pmT81Nr23+z5vWdr49c1xVtUUFV4fmtaC 2pG2itOAawYqlFww093+lcMo0A+tz76UK f0ApJVOFS4tF41KLP60RdNFc9yR4r70OT LTZJTeTui2ORsNkczj6PB7s7IYUu+QF2 SCvSEK2yA45IIdkQoD8In/IX3LeuYg2ot fR26vRqBN2npNrFY0vAYuHwW8=</latex it>
{z1, z2, z3, z4, z5, z6, z7, z8, z9}
<latexit sha1_base64="G6KZQpzxy+ QAZ+iq+rca/CMntsQ=">AAACqnicbVFLbxMxEPYurxBeKUhcOGARIXGoot30ya 0qF44FkbYoG0Ve72xq1fau7NmWYPkP8A/5F/0J7CY51C0jWfoeM/Lom7yWwmKS /I3iBw8fPX7Se9p/9vzFy1eDrdentmoMhwmvZGXOc2ZBCg0TFCjhvDbAVC7hLL/ 80vlnV2CsqPQPXNYwU2yhRSk4w1aaD/5kLlMML/LS/fZzl/rt23Qc0p2Q7oZ0L 6T7IT0I6WFIP/vMzwfDZJSsit4H6QYMyaZO5ltRLysq3ijQyCWzdpomNc4cMyi 4BN/PGgs145dsAdMWaqbAztwqNE8/tkpBy8q0TyNdqbcnHFPWLlXednaL2rteJ/ 7PmzZYHs6c0HWDoPn6o7KRFCvaXYAWwgBHuWwB40a0u1J+wQzj2N6pn2m45pVS TBcuKxbeZQi/0Eq68KGnuF+fjjPZZZfeTeo+OB2P0p3R+Nvu8Oh4k2KPvCMfyC eSkgNyRL6SEzIhnNxEb6P3EY234+/xz3i6bo2jzcwbElRc/AOMsNem</latexit >
ZAll =
<latexit sha1_bas e64="RwbgJSKLCdO1BX0sBUG+ZSmbOv0= ">AAACLHicbVBNT9tAEF3z0aYptHwce1k RVeopsgGpXJCAXnoEqQHU2I3W47GzYndt 7Y4LkeX/0Sv8gP4aLlXFtb+jm5BDCX3SS E/vzeiNXlop6SgMfwVLyyurL152XnVfr6 2/ebuxuXXuytoCDqBUpb1MhUMlDQ5Iks LLyqLQqcKL9OrT1L/4jtbJ0nyhSYWJFoW RuQRBXvoWa+BfR82xUi0/5KONXtgPZ+DP STQnPTbH6Wgz6MRZCbVGQ6CEc8MorChph CUJCttuXDusBFyJAoeeGqHRJc3s7Za/90 rG89L6McRn6r8XjdDOTXTqN7WgsVv0puL /vGFN+UHSSFPVhAYeg/JacSr5tAOeSYtA auKJACv9rxzGwgog31Q3NngNpdbCZE2cF W0TE96QU7xon3oavDdNB6Fa31202NRzcr 7bj/b6u2f7vaOTeYsd9o7tsA8sYh/ZEfv MTtmAAbPsB7tld8HP4D74HTw8ri4F85tt 9gTBn797/afs</latexit>
UA
<latexit sha1_bas e64="dSRsFwKmCVnIC93TSK/FPI7rgaA= ">AAACLHicbVDLahtBEJyV7URR7Ph1zGW ICOQkdu1AfAk48SVHGSzJoFXEbG9LHjQz u8z02hHL/keu9gf4a3IxIVd/h2clHeJHQ UNR1U01leRKOgrDu6Cxtr7x6nXzTevt5t a77Z3dvb7LCgvYg0xl9jwRDpU02CNJCs 9zi0InCgfJ7KT2B5donczMGc1zHGkxNXI iQZCXfsYaeG9cflOq4l/5eKcddsIF+HMS rUibrdAd7wbNOM2g0GgIlHBuGIU5jUphS YLCqhUXDnMBMzHFoadGaHSjcvF2xT96Je WTzPoxxBfq/xel0M7NdeI3taAL99SrxZe 8YUGTo1EpTV4QGlgGTQrFKeN1BzyVFoHU 3BMBVvpfOVwIK4B8U63Y4BVkWguTlnE6r cqY8Bc5xafVY0+D9+p0EKry3UVPm3pO+g ed6LBzcPq5ffx91WKTvWcf2CcWsS/smP1 gXdZjwCz7za7ZTXAb/An+Bv+Wq41gdbPP HiG4fwBzKafn</latexit>
UGS,h1
<latexit sha1_base64 ="D1Yzi1YGmQZB35TQSyEvBWOozps=">AAAB/3ic bVBNS8NAFHzxs9avqODFS7AIHqQkVdBj0YMeK5q2 0Jaw2W7apZtN2N0IJebgX/HiQRGv/g1v/hs3bQ7a OrAwzLzHmx0/ZlQq2/42FhaXlldWS2vl9Y3NrW1z Z7cpo0Rg4uKIRaLtI0kY5cRVVDHSjgVBoc9Iyx9d 5X7rgQhJI36vxjHphWjAaUAxUlryzP1uiNQQI5a6 mZde352kQ8/JMs+s2FV7AmueOAWpQIGGZ351+xFO QsIVZkjKjmPHqpcioShmJCt3E0lihEdoQDqachQS 2Usn+TPrSCt9K4iEflxZE/X3RopCKcehryfztHLW y8X/vE6igoteSnmcKMLx9FCQMEtFVl6G1aeCYMXG miAsqM5q4SESCCtdWVmX4Mx+eZ40a1XntFq7PavU L4s6SnAAh3AMDpxDHW6gAS5geIRneIU348l4Md6N j+noglHs7MEfGJ8/CRGWGw==</latexit>
= {u⇤1, u⇤3, u⇤7, u⇤9}
<latexit sha1_base64="MW6tkvIpZBvOQn6ngT21OK4 2pRY=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgIiVphepCKLpxWcE+oIlhMp22QyeTMDMRSujKjb/ixoUibv0Gd/ 6NkzQLrV6Yw+Gce7lzjx8xKpVlfRmFhcWl5ZXiamltfWNzy9zeacswFpi0cMhC0fWRJIxy0lJUMdKNBEGBz0jHH1+ lfueeCElDfqsmEXEDNOR0QDFSWvLM/QvoJPHdsWefpFjLsJ7huTP1zLJVsbKCf4mdkzLIq+mZn04/xHFAuMIMSdm zrUi5CRKKYkamJSeWJEJ4jIakpylHAZFukp0xhYda6cNBKPTjCmbqz4kEBVJOAl93BkiN5LyXiv95vVgNztyE8ihW hOPZokHMoAphmgnsU0GwYhNNEBZU/xXiERIIK51cSYdgz5/8l7SrFbtWqd6clhuXeRxFsAcOwBGwQR00wDVoghbA4 AE8gRfwajwaz8ab8T5rLRj5zC74VcbHN5RnlqY=</latexit>
UGS,h2
<latexit sha1_base64="RMHUqWvKyNBBM5VgL5 aemUBcp+s=">AAAB/3icbVBNS8NAFHzxs9avqODFS7AIHqQkVdBj0YMeK5q20Jaw2W7apZtN2N0IJeb gX/HiQRGv/g1v/hs3bQ7aOrAwzLzHmx0/ZlQq2/42FhaXlldWS2vl9Y3NrW1zZ7cpo0Rg4uKIRaLtI0 kY5cRVVDHSjgVBoc9Iyx9d5X7rgQhJI36vxjHphWjAaUAxUlryzP1uiNQQI5a6mZde352kQ6+WZZ5Zs av2BNY8cQpSgQINz/zq9iOchIQrzJCUHceOVS9FQlHMSFbuJpLECI/QgHQ05SgkspdO8mfWkVb6VhAJ /biyJurvjRSFUo5DX0/maeWsl4v/eZ1EBRe9lPI4UYTj6aEgYZaKrLwMq08FwYqNNUFYUJ3VwkMkEFa 6srIuwZn98jxp1qrOabV2e1apXxZ1lOAADuEYHDiHOtxAA1zA8AjP8ApvxpPxYrwbH9PRBaPY2YM/MD 5/AAqXlhw=</latexit>
= {u⇤2, u⇤4, u⇤6, u⇤8}
<latexit sha1_base64="mjxjn9fxim3F+hlDkma7/yVs82o=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgIiWpRbsRim5c VrAPaGKYTKft0MkkzEyEErpy46+4caGIW7/BnX/jJM1CqxfmcDjnXu7c40eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd32jKMBSYtHLJQdH0kCaOctBRVjHQjQVDgM9Lxx1ep37knQtKQ36pJRNwADTkdUIyUljxz/wI6SXx37FVPUqxleJZh3Zl6ZtmqWFnBv8T OSRnk1fTMT6cf4jggXGGGpOzZVqTcBAlFMSPTkhNLEiE8RkPS05SjgEg3yc6YwkOt9OEgFPpxBTP150SCAiknga87A6RGct5Lxf+8XqwGdTehPIoV4Xi2aBAzqEKYZgL7VBCs2EQThAXVf4V4hATCSidX0iHY8yf/Je1qxT6tVG9q5cZlHkcR7IEDcARscA4 a4Bo0QQtg8ACewAt4NR6NZ+PNeJ+1Fox8Zhf8KuPjG5R/lqY=</latexit>
= {z2, z4, z6, z8}
<latexit sha1_base64="S5I20LVs0b+0XjD8ttEWMO+ypAA=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCS1aF0IR TcuK9gHNCFMppN26OTBzESoId/ixl9x40JRV4If46TNIrYeGDjn3HuZe48bMSqkYXxrS8srq2vrpY3y5tb2zq6+t98RYcwxaeOQhbznIkEYDUhbUslIL+IE+S4jXXd8k9W7D4QLGgb3chIR20fDgHoUI6ksR7+8glZi+UiOXC95TJ3aaUHUi+K8K BpW6ugVo2pMAReJmZMKyNFy9E9rEOLYJ4HEDAnRN41I2gnikmJG0rIVCxIhPEZD0lc0QD4RdjI9MYXHyhlAL+TqBRJO3eJEgnwhJr6rOrMtxXwtM/+r9WPpNeyEBlEsSYBnH3kxgzKEWV5wQDnBkk0UQZhTtSvEI8QRlirVsgrBnD95kXRqVfOsW rurV5rXeRwlcAiOwAkwwQVoglvQAm2AwRN4AW/gXXvWXrUP7WvWuqTlMwfgD7SfX1JXpMo=</latexit>
= {z1, z3, z7, z9}
<latexit sha1_base64="7w+BnuHrhpSLkjek9d9aJ2 Ogq7Y=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCStULsQim5cVrAPaEKYTCft0MmDmYlQQ77Fjb/ixoWirg Q/xkmbRWw9MHDOufcy9x43YlRIw/jWVlbX1jc2S1vl7Z3dvX394LArwphj0sEhC3nfRYIwGpCOpJKRfsQJ8l1Ge u7kJqv3HggXNAzu5TQito9GAfUoRlJZjt68glZi+UiOXS95TB3zvCDqRdEoiqaVOnrFqBozwGVi5qQCcrQd/dM ahjj2SSAxQ0IMTCOSdoK4pJiRtGzFgkQIT9CIDBQNkE+EncxOTOGpcobQC7l6gYQztziRIF+Iqe+qzmxLsVjLzP 9qg1h6l3ZCgyiWJMDzj7yYQRnCLC84pJxgyaaKIMyp2hXiMeIIS5VqWYVgLp68TLq1qlmv1u4uKq3rPI4SOAYn 4AyYoAFa4Ba0QQdg8ARewBt41561V+1D+5q3rmj5zBH4A+3nF1IjpMo=</latexit>
ZGS,h1
<latexit sha1_base64= "zQTxyQ1OQjYa8OcZ4eXhk65NNzw=">AAAB/3icb VDLSsNAFL2pr1pfUcGNm2ARXEhJqqDLogtdVrQPb EOYTKft0MkkzEyEErPwV9y4UMStv+HOv3HSZqGtB wYO59zLPXP8iFGpbPvbKCwsLi2vFFdLa+sbm1vm9 k5ThrHApIFDFoq2jyRhlJOGooqRdiQICnxGWv7oM vNbD0RIGvI7NY6IG6ABp32KkdKSZ+51A6SGGLHkPv WSq9vjZOg5aeqZZbtiT2DNEycnZchR98yvbi/EcU C4wgxJ2XHsSLkJEopiRtJSN5YkQniEBqSjKUcBkW 4yyZ9ah1rpWf1Q6MeVNVF/byQokHIc+HoySytnvU z8z+vEqn/uJpRHsSIcTw/1Y2ap0MrKsHpUEKzYWB OEBdVZLTxEAmGlKyvpEpzZL8+TZrXinFSqN6fl2k VeRxH24QCOwIEzqME11KEBGB7hGV7hzXgyXox342M 6WjDynV34A+PzBxDhliA=</latexit>
ZGS,h2
<latexit sha1_base64="ivUH6Gv2XYSvhcq4p6d HoC2Z3Bs=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARXEhJqqDLogtdVrQPbEOYTKft0MkkzEyEErPwV 9y4UMStv+HOv3HSZqGtBwYO59zLPXP8iFGpbPvbKCwsLi2vFFdLa+sbm1vm9k5ThrHApIFDFoq2jyRhl JOGooqRdiQICnxGWv7oMvNbD0RIGvI7NY6IG6ABp32KkdKSZ+51A6SGGLHkPvWSq9vjZOhV09Qzy3bFns CaJ05OypCj7plf3V6I44BwhRmSsuPYkXITJBTFjKSlbixJhPAIDUhHU44CIt1kkj+1DrXSs/qh0I8ra6 L+3khQIOU48PVkllbOepn4n9eJVf/cTSiPYkU4nh7qx8xSoZWVYfWoIFixsSYIC6qzWniIBMJKV1bSJT izX54nzWrFOalUb07LtYu8jiLswwEcgQNnUINrqEMDMDzCM7zCm/FkvBjvxsd0tGDkO7vwB8bnDxJnliE =</latexit>
Figure 4: Policy Remapping: A simple 3× 3 state-space with a complete policy ensemble and two
different grounding functions that map pig variables to ensemble polices and desirability functions.
ization.). Once u∗pig has been computed, the agent follows the policy indexed by each sampled
pig, i.e. pig −→ u∗xag (x′, a′|x, a), until the goal state-action has been reached, followed by a newly
sampled pig. Fig. 5.A shows an example of coupled state trajectory and jump dynamics, drawn from
the optimal policy which satisfies the task of getting an axe before chopping wood, and collecting
water. Because the tLMDP solves order-constrained multi-goal tasks, it is structurally analogous
to (precedence-constrained) Traveling Salesman Problems [30] given a final goal that grounds to
the agent’s initial state. Fig. 5.A shows a problem with nine sub-goals with precedence relations on
sub-goal colors as types, ψ.
The tLMDP solution (10) has three key properties that make it particularly flexible in the context of
efficient task transfer:
P1 Policy Remappability: Given a complete policy-desirability ensemble and jump operator,
under a new grounding function we only need to re-index the polices (where pig references
different low-level elements of UAll and ZAll) to derive new matrices for equation (10).
Consequently, for Ng goals there is a space of
(
Nx
Ng
)
2N
2
g possible tasks one could formulate5
which would not require recomputation of UAll,ZAll or JAll.
P2 Grounding Invariance: Since the optimal desirability function is a largest eigenvector, there
is an invariance of the solution to scalar multiples of the diagonal matrices, assuming Pκ
remains constant under the new grounding.
P3 Minimal Solution Distance: The agent can compute the optimal desirability (the desirability-
to-enter, DTE) for any given initial state, s0, outside the GS with one matrix-vector product.
Importantly, this also holds true after the zero-shot regrounding of a previous grounded-
subspace solution.
These properties all allow for the fast transfer of task solutions within the same environment, or across
different environments with distinct obstacle configurations and transition operators. The following
sections will elaborate on the empirical and theoretical implications of these properties.
3.6.1 Results
In Fig. 5.B-D we empirically show the computational advantage of computing tLMDP polices in the
GS (LGS), relative to computing polices with value-iteration on the full product space, denoted as
VFull. In Fig. 5.B, we hold the number of sub-goals constant at, Ng = 6, 8, 10, and vary the number
of states in the grid-world. We can see the clear advantageLGS has from separating the low-level
GS-ensemble and Jump-operator computation from the task-policy optimization. The plots show that
5For Ng goals grounded onto Nx possible states along with a set of ordering constraints
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Figure 5: A: An order-constrained Traveling Salesman Problem with ordering constraints defined
over sub-goal colors. B: Computation time when fixing the number of sub-goals and increasing
the size of X . C: Computation time when fixing the state-space sizes while varying the number of
sub-goals. D: Cumulative computation time for solving N re-grounded tasks when fixing the size
of X to 20× 20 states, and the sub-goal count to nine with two ordering constraints. The tLMDP
is efficient by exploiting representational reuse of a full policy ensemble and the jump operator. F:
A close up of the cumulative time of LGS compared to the zero-shot LtGIE solution, requiring
no additional computation. In B-C, only the GS base-polices were computed, whereas D-E uses
complete ensembles and jump operator. Sub-goal locations were randomly sampled and in B-C we
plotted the mean time over 15 episodes. (2.6 GHz 6-Core Intel Core i7, 32 GB 2400 MHz DDR4)
by working in the lower-dimensional GS,LGS can optimize over much larger base state-spaces with
a large number of sub-goals. VFull, however, optimizes the task policy over the full product space,
hindering scalability. In Fig. 5.C, we fix the number of grid-world states at 15× 15, 30× 30, and
60× 60, and only vary the number of sub-goals: we expect an exponential increase in run-time for
both LGS and VFull, given that the complexity is dominated by |Σ| = 2Ng . However, since LGS
is working in the GS it only needs to compute Ng base-polices and JGS , whereas VFull is again
burdened by the extra dimensionality of the non-GS internal states. LGS plots for all grid-world sizes
remain relatively similar, due to the fact that the GS dimensionality is not a function of internal state
count, whereas VFull sees a progressively larger leftward shift of the curve for each state-space size.
We demonstrate the flexibility granted by P1 in Fig. 5.D, which plots the total time for computing
NL different tasks with Ng = 9 sub-goals and |Og| = 2 grounded in the same 20× 20 environment.
VFull does not have a policy ensemble at its disposal, so it must solve new tasks from scratch, resulting
in a worst-case constant-time increase per task proportional to (2Ng |X |)3|A| [5]. Alternatively,LGS
can remap the goal variables to reusable ensemble polices to form a new GS, and therefore it does
not require the computation of new UAll, ZAll, or JAll (which contribute to a one-time upfront cost,
manifesting in a higher intercept) it only requires recomputation of (10). This results in a constant
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time-per-task increase proportional to 2NgN4g (Appx.5.7). For a modest number of sub-goals this
solution can be recomputed very quickly. The green line,LGS , shows an negligible growth in time,
where each solution to the regrounded nine-subgoal task was computed in approximately 2× 10−3s.
The speed with which this remapping and task reoptimization is possible could have important
applications for real-time online systems which can learn and rapidly adapt to changes in the structure
of the task.
3.7 Compositionality and Transfer
A key advantage of computing the solution in the GS pertains to Grounding Invariance (property
P2), conferred by Policy Remappability (property P1). Consider a solution for the tLMDP problem
L1 under grounding h1. P1 means that under a new grounding function h2 forL2, the GS-index pig
now references a different policy and desirability vector, and also conditions different dynamics in
JAll. Since the matrices Qpi and Pκ are the only two matrices whose elements are functions of h, if
these matrices are exactly the same under h1 and h2, then (10) is the same, holding the task-matrices
Qσg and Qσ constant. Furthermore, (10) being a largest eigenvector solution implies that if Qpi,h2 is
a scalar multiple of Qpi,h1 , it has the same solution. This means that the solution forL1 will preserve
cost-minimization for the new grounding h2, which can change distances between sub-goals. This
invariance is called a task and cost preserving Grounding Invariant Equation (tc-GIE), as in (12):
tc-GIE: zGS = γQσgQσQpiPκzGS : ∃γ ∈ R+, Qpi,h1 = γQpi,h2 , Pκ1 = Pκ2 , (12)
t-GIE: zGS = QσgQσPκzGS : Qpi,h1 , Qpi,h2 ← I, Pκ1 = Pκ2 . (13)
If, however, Qpi,h2 is not a scalar multiple of Qpi,h1 , it is still possible for the two problems to
share the same solution if Qpi is set to the identity matrix for both problems (policy cost equal to
zero). This means that the task will be solved, however, the policy will not minimize the low-level
trajectory costs on X . This is a relaxed version of grounding-invariance called the task preserving
Grounding Invariant Equation (t-GIE), (13). Fig.5.E shows the relationship between LGS (from
5.D) and LtGIE , a t-GIE problem with the same task specification. Whereas LGS sees a slight
additional time increase for optimizing (10) for every new grounding,LtGIE solves the task with no
further optimization, resulting in zero-shot transfer. Furthermore, regardless of whether two problem
formulations are related by (12) or (13), the ordering violation costs in Qσg are hard constraints
(infinite cost), so as long as Pκ and Qσg remains constant betweenL1 andL2, a policy u∗pi,1 forL1
can be used to solve L2 however, the sub-goal dynamics will retain the biases of L1’s low-level
policy costs, dictated by the obstacle configuration.
Figure 6 demonstrates both GIE equations for an environment with a cliff that the agent can descend,
but not ascend, resulting in different Pκ-matrices depending on the grounding. Since Pκ is a function
of h indirectly through κ, differences can only arise in Pκ under different sub-goal connectivity
structures. These connectivity structures are stored in the matrix K(i, g) = κ((x, a)g, g|(x, a)i, pig),
which represents the global connectivity of the sub-goals. Furthermore, recall that Qpi = diag(zpi)
where zpi is a concatenated state-action vector of all low-level desirability functions in ZGS . Because
the desirability function is defined as z(x) = e−v(x), constant multiples of z translate into constant
additives of v(x), (i.e. γz(x) = e−(v(x)+α) where γ = e−α). Since we are working with shortest
path polices, to better illustrate the tc-GIE relationship in Figure 6, we construct a matrix S of
shortest path distances which are derived from the value function divided by the internal state cost,
which gives us the shortest path distance, i.e. S(i, g) = vg((x,a)i)c , where c is the constant internal
state-action cost used to define q(x, a), and vg = −log(zg) is the value function corresponding to
the low-level policy with boundary state (x, a)g . The new grounding functions preserve the solution
under an additive constant α to inter-subgoal distances, which translates into a multiplicative constant
e−ae1/c between desirability functions used to define Qpi. Therefore, even between environments
with different obstacle constraints, we can compute that two tasks in the grounded subspace are
exactly the same because they share the same underlying objective function. The t-GIE is also
depicted in Figure 6: task T3 in E3 does not share a policy cost matrix with a multiplicative constant
with T1, T2, however, the feasibility structure remains the same and we can therefore set Qpi ← I for
both problems to obtain the same objective function.
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<latexit sha1_base64="2l5tR/RkVtcStgbbezm9M+Fzyb4=">AAACSnicbVA9T8MwEHXKVwlfAUYWiwrEVCUtErAhWBiLRKFSE1WOe20tHCeyHUQV9fexMLHxI1gYQIgFJ6SIr5NOfvfenX1+YcKZ0q77aFVmZufmF6qL9tLyyuqas75xqeJUUmjTmMeyExIFnAloa 6Y5dBIJJAo5XIXXp7l+dQNSsVhc6HECQUSGgg0YJdpQPYf4IQyZyMKIaMluJ7aLd/GRyfz0XN+3p0WeB6ZuFIo3bWkayiu0aZ/tg+h/XYh7Ts2tu0Xgv8ArQQ2V0eo5D34/pmkEQlNOlOp6bqKDjEjNKIeJ7acKEkKvyRC6BgoSgQqywooJ3jFMHw9iaVJoXLDfJzISKTWOQtNpFhyp31pO/qd1Uz04DDImklSDoJ8PDVKOdYxzX3GfSaCajw0gVDKzK6YjIgnVxn3bmOD9/vJfcNmoe81643y/dnxS2lFFW2gb7SEPHaBjdIZaqI0oukNP6AW9WvfWs/VmvX+2VqxyZhP9iMrsBzzHpqg=</latexit>
K4 =
<latexit sha1_base64="Uf7nEMhWB8ehaIJ7HIfxFyyh5uk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtBb0IR S+Clwr2A9qlZNNsG5pklyQrlKV/wYsHRbz6h7z5b8y2e9DWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV1lChCWyTikeoGWFPOJG0ZZjjtxopiEXDaCSa3md95okqzSD6aaUx9gUeShYxgk0n3g/r1oFxxq+4caJV4OalAjuag/NUfRi QRVBrCsdY9z42Nn2JlGOF0VuonmsaYTPCI9iyVWFDtp/NbZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62UvE//zeokJr/yUyTgxVJLFojDhyEQoexwNmaLE8KklmChmb0VkjBUmxsZTsiF4yy+vknat6l1Uaw/1SuMmj6MIJ3AK5+DBJTTgDprQAg JjeIZXeHOE8+K8Ox+L1oKTzxzDHzifP082jcE=</latexit>
V4 =
<latexit sha1_base64="PCtOI/h/LvsJnSXTofqDOhJnlTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBb0IRS8eK9htoV1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwyNc yVYS2iORSdUKsKWeCtgwznHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSr7fr6Nr1C9X3Ko7B1olXk4qkKPZL3/1BpKkMRWGcKx113MTE2RYGUY4nZZ6qaYJJmM8pF1LBY6pDrL5tVN0ZpUBiqSyJQyaq78nMhxrPYlD2xljM9LL3kz8z+umJroKMiaS1FBBFouilCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2/vEr8WtW7qNbu65XGTR5HEU7gFM7Bg0towB00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4ADTeOIA==</latexit>
2664
1 1 0 1
1 1 0 1
1 1 1 1
1 1 0 1
3775
<latexit sha1_base64="/TDdPOX7P3imvvt/Q5c3Iq+TBe4=">AAACRHicdVBNSwMxEM3Wr7p+rXr0EiyKp7JbBT0WvXisYD+gW0o2nbah2eySZMWy9Md58Qd48xd48aCIVzHbFtG2Dgx5eW9mMnlBzJnSrvts5ZaWV1bX8uv2xubW9o6zu1dTUSIpVGnEI9kIiALO BFQ10xwasQQSBhzqweAq0+t3IBWLxK0extAKSU+wLqNEG6rtNP0AekykQUi0ZPcj28PHOEs3O33/37u3SLd9EJ2fWW2n4BbdceB54E1BAU2j0nae/E5EkxCEppwo1fTcWLdSIjWjHEa2nyiICR2QHjQNFCQE1UrHJozwkWE6uBtJk0LjMfu7IyWhUsMwMJVmv76a1TJykdZMdPeilTIRJxoEnTzUTTjWEc4cxR0mgWo+NIBQycyumPaJJFQb321jgjf75XlQKxW902Lp5qxQvpzakUcH6BCdIA+dozK6RhVURRQ9oBf0ht6tR+vV+rA+J6U5a9qzj/6E9fUNEbemPg==</latexit>
(tc-GIE)
Task and Cost Preserving
(t-GIE)
Task Preserving
1 = 2
<latexit sha1_base64="H7XHTQuZXbGEpOyC/rPS217b6r0=">AAACF3icbZBBSxtBFMdnrbYatcZ69DIYBE9hNxbqpSB66dFCE4VsCG9 nX+KQmdll5q0alnwQT171U/RWeu3RD+F36CTZgyb+YeDH//8e8/gnuZKOwvA5WPmwuvbx0/pGbXNr+/NOffdLx2WFFdgWmcrsVQIOlTTYJkkKr3KLoBOFl8nofJpf3qB1MjO/aJxjT8PQyIEUQN7q1/fiEeQ59CP+nVfY6tcbYTOciS9DVEGDVbro11/iNBOFRkNCgXPdKMypV4IlKRROa nHhMAcxgiF2PRrQ6Hrl7PgJP/ROygeZ9c8Qn7mvN0rQzo114ic10LVbzKbme1m3oMFJr5QmLwiNmH80KBSnjE+b4Km0KEiNPYCw0t/KxTVYEOT7qsUGb0WmNZi0jNPhpIwJ78gpPpz4fqLFNpah02pGx83Wz6+N07OqqXW2zw7YEYvYN3bKfrAL1maCjdkDe2RPwX3wO/gT/J2PrgTVzh 57o+Dff0r2n6I=</latexit>
Grounding Invariant Equation
Grounding Invariant Equation
z = Q gQ Pz
<latexit sha1_base64="ryKEqlT4aaJGz8QCLfmYERBdLYA=">AAACPHicbVBNb9QwFHRKoWX5WuDI xeqqEqdVUpDoBamCC8ddiW0rbVbRi/OSWms7kf0CXaL8FX4KJ65w77031CtnnG0k+jWSpfHMPPl50kpJR2F4Fmzc27z/YGv74eDR4ydPnw2fvzh0ZW0FzkSpSnucgkMlDc5IksLjyiLoVOFRuvzY+Udf0DpZms+ 0qnChoTAylwLIS8lwP9ZAJ2nefGv5ez5NmtjJQgOPs6KdJv1l4uUlVBW0/9PJcBSOwzX4bRL1ZMR6TJLhRZyVotZoSChwbh6FFS0asCSFwnYQ1w4rEEsocO6pAY1u0ax/2PJdr2Q8L60/hvhavTrRgHZupVOf7DZ 0N71OvMub15TvLxppqprQiMuH8lpxKnlXF8+kRUFq5QkIK/2uXJyABUG+1EFs8KsotQaTNV1jTUx4Sk7xousnutnGbXK4N47ejPemb0cHH/qmttkrtsNes4i9YwfsE5uwGRPsO/vJfrHfwY/gPPgTXFxGN4J+5i W7huDvP2XlsEo=</latexit>
set Q⇡,1 , Q⇡,2 = I
<latexit sha1_base64="9nWo767UND5ovFWtkMRl+Vn6WXE=">AAACPHicbZC/TxsxFMd99BektE3bkcVqVIkBRXdppbJUQmUpG0gEkHL R6Z3vJVixfa79rhCd7l/hT2FiLXv3bhUrM07IQEO/kqWvvt/3ZPuTWyU9xfHvaOXJ02fPX6yutV6uv3r9pv323ZEvKyewL0pVupMcPCppsE+SFJ5Yh6Bzhcf5ZHfWH/9E52VpDmlqcahhbORICqAQZe3tlPCcao/U8PRHBQU/yOrUyi2eTsBayJJmaynpNfwr38vanbgbz8Ufm2RhOmy h/ax9kxalqDQaEgq8HySxpWENjqRQ2LTSyqMFMYExDoI1oNEP6/kPG/4xJAUflS4cQ3yePtyoQXs/1XmY1ECnfrmbhf/rBhWNtoe1NLYiNOL+olGlOJV8hosX0qEgNQ0GhJPhrVycggNBAWorNXgmSq3BFHVajJt6TtMrPm4Cn2SZxmNz1Osmn7q9g8+dnW8LUqtsg31gmyxhX9gO+872 WZ8JdsGu2C92HV1Gf6K/0c396Eq02HnP/lF0eweJA66H</latexit>
2664
0 6 8 10
6 0 10 4
0 0 0 6
0 0 6 0
3775
<latexit sha1_base64="y3gxgMh37odMegf7iZn6h1pj9Uw=">AAACR3icbVA9T8MwEHXKd/gKMLJYVCCmyikVdKxgYQSJAlJ TKse9tlYdJ7IdRBX137GwsvEXWBhAiBE3RKh8nHTWu3fv7PMLE8G1IeTJKc3Mzs0vLC65yyura+vexualjlPFoMliEavrkGoQXELTcCPgOlFAo1DAVTg8mfSvbkFpHssLM0qgHdG+5D3OqLFUx7sJQuhzmYURNYrfjV2C9/ChzbpNnwSBOylIXtijZglSELlyqs6F bgCy+30b7nhlUiF54L/AL0AZFXHW8R6DbszSCKRhgmrd8kli2hlVhjMBYzdINSSUDWkfWhZKGoFuZ7kPY7xrmS7uxcqmNDhnpycyGmk9ikKrtAsO9O/ehPyv10pNr97OuExSA5J9PdRLBTYxnpiKu1wBM2JkAWWK210xG1BFmbHWu9YE//eX/4LLasU/qFTPa+XGc WHHItpGO2gf+egINdApOkNNxNA9ekav6M15cF6cd+fjS1pyipkt9CNKzieteqX2</latexit>
2664
0 10 12 14
10 0 14 8
0 0 0 10
0 0 10 0
3775
<latexit sha1_base64="ERHKjqeSkYS92VT/7J97Qz3k7Bg=">AAACTHicbZBNTwIxEIa7qIjrF+rRSyPReCK7SCJHohePmMhHwhLSLQM0dLubtmskG36gFw/e/BVePGiMiWVBg+Aknbx9ZqYfrx9xprTjvFiZtfWN7GZuy97e2d3bzx8cNlQYSwp1GvJQtnyigDMB dc00h1YkgQQ+h6Y/up7Wm/cgFQvFnR5H0AnIQLA+o0Qb1M1Tz4cBE4kfEC3Zw8R28Bl201SaprLn2ek2RWWTKob8gFnzApi12h6I3u+RuJsvOEUnDbwq3LkooHnUuvlnrxfSOAChKSdKtV0n0p2ESM0oh4ntxQoiQkdkAG0jBQlAdZLUjAk+NaSH+6E0S2ic0sWJhARKjQPfdJoHDtVybQr/q7Vj3a90EiaiWIOgs4v6Mcc6xFNncY9JoJqPjSBUMvNWTIdEEqqN/7YxwV3+8qpolIruRbF0Wy5Ur+Z25NAxOkHnyEWXqIpuUA3VEUWP6BW9ow/ryXqzPq2vWWvGms8coT+RyX4DJ/ynCw==</latexit>
↵ =  4
<latexit sha1_base64="HnY/NzS1/zMMp7DvCEAqoxuT0zA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbJbC3oRil48VrAfsF1KNs22odlkSWaFsvRnePGgiFd/jTf/jWm7B21 9MPB4b4aZeWEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE47uZ33li2nAlH2GSsCAmQ8kjTglYye8RkYwIvsEX9X654lbdOfAq8XJSQTma/fJXb6BoGjMJVBBjfM9NIMiIBk4Fm5Z6qWEJoWMyZL6lksTMBNn85Ck+s8oAR0rbkoDn6u+JjMTGTOLQdsYERmbZm4n/eX4K0XWQcZmkwCRdLIpSgUHh2f94wDWjICaWEKq5vRXTEdG Egk2pZEPwll9eJe1a1bus1h7qlcZtHkcRnaBTdI48dIUa6B41UQtRpNAzekVvDjgvzrvzsWgtOPnMMfoD5/MHo62QLA==</latexit>
Q⇡,h1 , h  I
<latexit sha1_base64="DecHO3ZdFFm0pt0SUz4eZPc2Pyw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0UUpSBV0W3eiuBf uAJoTJdNIOnUzCzEQpIZ/gxl9x40IRty7d+TdO24DaeuDCmXPuZe49fsyoVJb1ZRSWlldW14rrpY3Nre0dc3evLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dDXxO3dESBrxWzWOiRuiAacBxUhpyTOPm17qxLQCh56dVeDPq5ZBh5FAISGie3jjmWWrak0BF 4mdkzLI0fDMT6cf4SQkXGGGpOzZVqzcFAlFMSNZyUkkiREeoQHpacpRSKSbTg/K4JFW+jCIhC6u4FT9PZGiUMpx6OvOEKmhnPcm4n9eL1HBhZtSHieKcDz7KEgYVBGcpAP7VBCs2FgThAXVu0I8RAJhpTMs6RDs+ZMXSbtWtU+rteZZuX6Zx1EEB+AQnAAbnIM6 uAYN0AIYPIAn8AJejUfj2Xgz3metBSOf2Qd/YHx8A0k3m38=</latexit>
@  2 R+
<latexit sha1_base64="5dP6vjMMDu2ZIuWehI/ZKUEAQdY=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4sgCCWpgi6LblxWsQ9oY plMp+3QmUmYmYglZO/GX3HjQhG3/oA7/8ZJm4W2HrhwOOde7r0niBhV2nG+rcLS8srqWnG9tLG5tb1j7+61VBhLTJo4ZKHsBEgRRgVpaqoZ6USSIB4w0g7Gl5nfvidS0VDc6klEfI6Ggg4oRtpIPbvsCfJg1ijoDRHnCHpUQI8jPQqC5Ca9S47Tnl1xqs4UcJG4OamAHI 2e/eX1QxxzIjRmSKmu60TaT5DUFDOSlrxYkQjhMRqSrqECcaL8ZPpLCg+N0oeDUJoSGk7V3xMJ4kpNeGA6syvVvJeJ/3ndWA/O/YSKKNZE4NmiQcygDmEWDOxTSbBmE0MQltTcCvEISYS1ia9kQnDnX14krVrVPanWrk8r9Ys8jiI4AGVwBFxwBurgCjRAE2DwCJ7BK3iz nqwX6936mLUWrHxmH/yB9fkD5dua9A==</latexit>
: Q⇡,h1 =  Q⇡,h2
<latexit sha1_base64="rFkvSu+O4H4bEe8StaqIBgDwxhw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkpSBUUQim5ctmA f0IQwmU7aoTNJmJkIJcQfcOOvuHGhiFvX7vwbp21AbT1w4XDOvdx7jx8zKpVlfRmFpeWV1bXiemljc2t7x9zda8soEZi0cMQi0fWRJIyGpKWoYqQbC4K4z0jHH11P/M4dEZJG4a0ax8TlaBDSgGKktOSZlQt43/RSJ6bHcOjZGbyEzgBxjuCPWss8s2xVrSngIrFzU gY5Gp756fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTT6TsZrGilD4NI6AoVnKq/J1LEpRxzX3dypIZy3puI/3m9RAXnbkrDOFEkxLNFQcKgiuAkG9ingmDFxpogLKi+FeIhEggrnWBJh2DPv7xI2rWqfVKtNU/L9as8jiI4AIfgCNjgDNTBDWiAFsD gATyBF/BqPBrPxpvxPmstGPnMPvgD4+MbDDOaOA==</latexit>
Q⇡,h1 =  Q⇡,h2
<latexit sha1_base64="y8bLPu7yk0Jk1We7WOU9yEtwIwE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkpSBd0IRTcuW7APaEKY TKft0JlJmJkIJWTvxl9x40IRt/6AO//GaRtQWw9cOJxzL/feE8aMKu04X1ZhZXVtfaO4Wdra3tnds/cP2ipKJCYtHLFIdkOkCKOCtDTVjHRjSRAPGemE45up37knUtFI3OlJTHyOhoIOKEbaSIFdbgapF9NTOArcDF5Bb4g4R/BHrWWBXXGqzgxwmbg5qYAcjcD+9PoRTjgRGj OkVM91Yu2nSGqKGclKXqJIjPAYDUnPUIE4UX46+yWDx0bpw0EkTQkNZ+rviRRxpSY8NJ0c6ZFa9Kbif14v0YNLP6UiTjQReL5okDCoIzgNBvapJFiziSEIS2puhXiEJMLaxFcyIbiLLy+Tdq3qnlVrzfNK/TqPowiOQBmcABdcgDq4BQ3QAhg8gCfwAl6tR+vZerPe560FK585B H9gfXwDN5yZQg==</latexit>
z =  Q gQ Q⇡Pz
<latexit sha1_base64="yjCmRAJ97O3SN8UrDxXAjkElIuI=">AAACNXicbZBNSxtBGMdnrS9pfGlsj70M BsFT2FXBXoSgFw89JNBoIBuWZyez65CZ3WHmWTEu+6W8+D086aGHltJrv0InMYgaHxj48X9e5nn+sZbCou8/eksflldW12of6+sbm1ufGtufz21eGMZ7LJe56cdguRQZ76FAyfvacFCx5Bfx+HSav7jixoo8+4ETzYcK0kwk ggE6KWp8DxXgZZyUNxU9pmEKSgHtRmVoReooRH6NVpZpVT2LjkItaCcKx6C1q3meEDWafsufBV2EYA5NMo9O1LgPRzkrFM+QSbB2EPgahyUYFEzyqh4WlmtgY0j5wGEGitthObu6ortOGdEkN+5lSGfqy44SlLUTFbvK6Yb2 bW4qvpcbFJh8G5Yi0wXyjD19lBSSYk6nFtKRMJyhnDgAZoTblbJLMMDQGV13JgRvT16E8/1WcNDa7x422ydzO2rkK9kheyQgR6RNzkiH9Agjt+SB/CK/vTvvp/fH+/tUuuTNe76QV+H9+w9g1K0J</latexit>
  = e ↵e1/c = e4e1/c
<latexit sha1_base64="wR7c4Ee8TKFjhppxrZEKSVisOnw=">AAACEXicbZDLSgMxFIYzXmu9jbp0EyxCN9aZWtCNUHTjsoK9QKeWM2nahiYzQ5IRytBXcOOruHGh iFt37nwb0+kstPWHwJf/nENyfj/iTGnH+baWlldW19ZzG/nNre2dXXtvv6HCWBJaJyEPZcsHRTkLaF0zzWkrkhSEz2nTH11P680HKhULgzs9jmhHwCBgfUZAG6trF70BCAH4EtP75MQDHg1hYtA9JZPUrGSXrl1wSk4qvAhuBgWUqda1v7xeSGJBA004KNV2nUh3EpCaEU4neS9WNAIyggFtGwxAUNVJ0o0m+Ng4PdwPpTmBxqn7eyIBodRY+K ZTgB6q+drU/K/WjnX/opOwIIo1DcjsoX7MsQ7xNB7cY5ISzccGgEhm/orJECQQbULMmxDc+ZUXoVEuuWel8m2lUL3K4sihQ3SEishF56iKblAN1RFBj+gZvaI368l6sd6tj1nrkpXNHKA/sj5/APbVm9U=</latexit>
P1<latexit sha1_base64="sbjdgNRe0dM1Lc6TZixisqzb/34=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmhMl22y7dJM vuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMyLpODauO63s7a+sbm1Xdop7+7tHxxWjo7bOs0UZS2ailR1I9RM8IS1DDeCdaViGEeCdaLx3czvPDGleZo8molkQYzDhA84RWMlvxnm/hilxNCbhpWqW3PnIKvEK0gVCjTDypffT2kWs8RQgVr3PFeaIEdlOBVsWvYzzSTSMQ5Zz9IEY6aDfH7zl JxbpU8GqbKVGDJXf0/kGGs9iSPbGaMZ6WVvJv7n9TIzuAlynsjMsIQuFg0yQUxKZgGQPleMGjGxBKni9lZCR6iQGhtT2YbgLb+8Str1mndZqz9cVRu3RRwlOIUzuAAPrqEB99CEFlCQ8Ayv8OZkzovz7nwsWtecYuYE/sD5/AHkZ5GW</latexit> P2<latexit sha1_base64="BFJlVn8b4VXVC5TN8wPXpI8WZZ0=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfkATwmS7bZduNs vuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMyLJWfaeN63s7a+sbm1Xdop7+7tHxxWjo7bOs0UoS2S8lR1Y9SUM0FbhhlOu1JRTGJOO/H4buZ3nqjSLBWPZiJpmOBQsAEjaKwUNKM8GKOUGNWnUaXq1bw53FXiF6QKBZpR5SvopyRLqDCEo9Y935MmzFEZRjidloNMU4lkjEPas1RgQnWYz2+eu udW6buDVNkSxp2rvydyTLSeJLHtTNCM9LI3E//zepkZ3IQ5EzIzVJDFokHGXZO6swDcPlOUGD6xBIli9laXjFAhMTamsg3BX355lbTrNf+yVn+4qjZuizhKcApncAE+XEMD7qEJLSAg4Rle4c3JnBfn3flYtK45xcwJ/IHz+QPl7JGX</latexit>
1 = 2
<latexit sha1_base64="H7XHTQuZXbGEpOyC/rPS217b6r0=">AAACF3icbZBBSxtBFMdnrbYatcZ69DIYBE9hNxbqpSB66dFCE4VsCG9 nX+KQmdll5q0alnwQT171U/RWeu3RD+F36CTZgyb+YeDH//8e8/gnuZKOwvA5WPmwuvbx0/pGbXNr+/NOffdLx2WFFdgWmcrsVQIOlTTYJkkKr3KLoBOFl8nofJpf3qB1MjO/aJxjT8PQyIEUQN7q1/fiEeQ59CP+nVfY6tcbYTOciS9DVEGDVbro11/iNBOFRkNCgXPdKMypV4IlKRROa nHhMAcxgiF2PRrQ6Hrl7PgJP/ROygeZ9c8Qn7mvN0rQzo114ic10LVbzKbme1m3oMFJr5QmLwiNmH80KBSnjE+b4Km0KEiNPYCw0t/KxTVYEOT7qsUGb0WmNZi0jNPhpIwJ78gpPpz4fqLFNpah02pGx83Wz6+N07OqqXW2zw7YEYvYN3bKfrAL1maCjdkDe2RPwX3wO/gT/J2PrgTVzh 57o+Dff0r2n6I=</latexit>
P1<latexit sha1_base64="sbjdgNRe0dM1Lc6TZixisqzb/34=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmhMl22y7dJM vuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMyLpODauO63s7a+sbm1Xdop7+7tHxxWjo7bOs0UZS2ailR1I9RM8IS1DDeCdaViGEeCdaLx3czvPDGleZo8molkQYzDhA84RWMlvxnm/hilxNCbhpWqW3PnIKvEK0gVCjTDypffT2kWs8RQgVr3PFeaIEdlOBVsWvYzzSTSMQ5Zz9IEY6aDfH7zl JxbpU8GqbKVGDJXf0/kGGs9iSPbGaMZ6WVvJv7n9TIzuAlynsjMsIQuFg0yQUxKZgGQPleMGjGxBKni9lZCR6iQGhtT2YbgLb+8Str1mndZqz9cVRu3RRwlOIUzuAAPrqEB99CEFlCQ8Ayv8OZkzovz7nwsWtecYuYE/sD5/AHkZ5GW</latexit> P2<latexit sha1_base64="BFJlVn8b4VXVC5TN8wPXpI8WZZ0=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjBfkATwmS7bZduNs vuRiihf8OLB0W8+me8+W/ctjlo64OBx3szzMyLJWfaeN63s7a+sbm1Xdop7+7tHxxWjo7bOs0UoS2S8lR1Y9SUM0FbhhlOu1JRTGJOO/H4buZ3nqjSLBWPZiJpmOBQsAEjaKwUNKM8GKOUGNWnUaXq1bw53FXiF6QKBZpR5SvopyRLqDCEo9Y935MmzFEZRjidloNMU4lkjEPas1RgQnWYz2+eu udW6buDVNkSxp2rvydyTLSeJLHtTNCM9LI3E//zepkZ3IQ5EzIzVJDFokHGXZO6swDcPlOUGD6xBIli9laXjFAhMTamsg3BX355lbTrNf+yVn+4qjZuizhKcApncAE+XEMD7qEJLSAg4Rle4c3JnBfn3flYtK45xcwJ/IHz+QPl7JGX</latexit>
T1/E1
<latexit sha1_base64="mlGKybL K30fSzhgTzKq7W+iiMkI=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqe 5WQY9FETxW6Be0y5JNs21oNrskWaEs/RFePCji1d/jzX9j2u5BWx8MPN6 bYWZekAiujeN8o8La+sbmVnG7tLO7t39QPjxq6zhVlLVoLGLVDYhmgkvW MtwI1k0UI1EgWCcY3838zhNTmseyaSYJ8yIylDzklBgrdZq+e3Hvu3654 lSdOfAqcXNSgRwNv/zVH8Q0jZg0VBCte66TGC8jynAq2LTUTzVLCB2TI etZKknEtJfNz53iM6sMcBgrW9Lgufp7IiOR1pMosJ0RMSO97M3E/7xeas IbL+MySQ2TdLEoTAU2MZ79jgdcMWrExBJCFbe3YjoiilBjEyrZENzll1d Ju1Z1L6u1x6tK/TaPowgncArn4MI11OEBGtACCmN4hld4Qwl6Qe/oY9Fa QPnMMfwB+vwB+PeOrA==</latexit>
T2/E2
<latexit sha1_base64="uPq9Q/DEA7a/b2W/wpNI6xHrNWs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU02ioMeiCB4r9AvaEDbbTbt0swm7G6 GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSDhT2ra/rdLa+sbmVnm7srO7t39QPTzqqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OV+94lKxWLR0tOEehEeCRYygrWRui3fvbj3Xb9as+v2HGiVOAWpQYGmX/0aDGOSRlRowrFSfcdOtJdhqRnhdFYZpIommEzwiPYNFTiiysvm587QmVGGKIylKaHRXP 09keFIqWkUmM4I67Fa9nLxP6+f6vDGy5hIUk0FWSwKU450jPLf0ZBJSjSfGoKJZOZWRMZYYqJNQhUTgrP88irpuHXnsu4+XtUat0UcZTiBUzgHB66hAQ/QhDYQmMAzvMKblVgv1rv1sWgtWcXMMfyB9fkD/AOOrg==</latexit>
T3/E3
<latexit sha1_base64="U8SRMPW yDTd2JbClO/PeQDB45PY=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE81d 1W0GNRBI8V+gXtsmTTbBuazS5JVihLf4QXD4p49fd489+YtnvQ1gcDj/d mmJkXJIJr4zjfaG19Y3Nru7BT3N3bPzgsHR23dZwqylo0FrHqBkQzwSVr GW4E6yaKkSgQrBOM72Z+54kpzWPZNJOEeREZSh5ySoyVOk2/dnnv1/xS2 ak4c+BV4uakDDkafumrP4hpGjFpqCBa91wnMV5GlOFUsGmxn2qWEDomQ 9azVJKIaS+bnzvF51YZ4DBWtqTBc/X3REYirSdRYDsjYkZ62ZuJ/3m91I Q3XsZlkhom6WJRmApsYjz7HQ+4YtSIiSWEKm5vxXREFKHGJlS0IbjLL6+ SdrXi1irVx6ty/TaPowCncAYX4MI11OEBGtACCmN4hld4Qwl6Qe/oY9G6 hvKZE/gD9PkD/w+OsA==</latexit>
T4/E4
<latexit sha1_base64="0G3WCRjr1mXexOIFK2gSwmiDVzQ=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE81d1a0GNRBI8V+gXtsmTTbBuazS5JVi hLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXJIJr4zjfaG19Y3Nru7BT3N3bPzgsHR23dZwqylo0FrHqBkQzwSVrGW4E6yaKkSgQrBOM72Z+54kpzWPZNJOEeREZSh5ySoyVOk2/dnnv1/xS2ak4c+BV4uakDDkafumrP4hpGjFpqCBa91wnMV5GlOFUsGmxn2qWEDomQ9azVJKIaS+bnzvF51YZ4DBWtqTBc/ X3REYirSdRYDsjYkZ62ZuJ/3m91IQ3XsZlkhom6WJRmApsYjz7HQ+4YtSIiSWEKm5vxXREFKHGJlS0IbjLL6+SdrXiXlWqj7Vy/TaPowCncAYX4MI11OEBGtACCmN4hld4Qwl6Qe/oY9G6hvKZE/gD9PkDAiqOsg==</latexit>
<latexit sha1_base64="aJlIi5W3PZ0sikdYRTVVsaL1Yx0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04r FS+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZqNPpev1R2K+4cZJV4OSlDjnq/9NUbxCyNUBomq NZdz02Mn1FlOBM4LfZSjQllYzrErqWSRqj9bH7qlJxbZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMT3vgZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTtCF4yy+vkla14l1Wqg9X5dptHkcBTuEMLsCDa6jBPdShCQyG8Ayv8OYI 58V5dz4WrWtOPnMCf+B8/gDUkY1/</latexit>
<latexit sha1_base64="kLcpFIHym7cLgoy9chW3l97DFMM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFS+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxps slrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94iThfkSHSoSCUbRSo9Gv9ktlt+LOQVaJl5My5Kj3S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5ufOiXnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxbusVB+uyrXbPI4CnMIZXIAH11CDe6hDExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AHWFY2A</latexit>
<latexit sha1_base64="6vYRXXHWIeNMyOXAOYRerr6dhIM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx 4xyCOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzSRBP6JDyUPOqLFSo9Gv9oslt+wuQNaJl5ESZKj3i1+9QczSCKVhg mrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCW/8KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWpexVy5WHq1LtNosjD2dwDpfgwTXU4B7q0AQGQ3iGV3hz hPPivDsfy9ack82cwh84nz/XmY2B</latexit> <latexit sha1_base64="kom7IbTiP1oOxbIlbGcpgnSFZEs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI9ELx4xyCOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYth kkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzTRGP6QjyYecUWOlRqNf7RdLbtldgKwTLyMlyFDvF796g4glIUrDBNW667mx8VOqDGcCZ4VeojGmbEJH2LVU0hC1ny5OnZELqwzIMFK2pCEL9fdESkOtp2FgO0NqxnrVm4v/ed3EDG/8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5NWpexdlSsP1VLtNosjD2dwDpfgwTXU4B7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/ZHY2C</latexit>
@↵
: S
2
=
S 3
+
↵
<latexit sha1_base64="rxMQcU46zRV33lfL2urUlT7LERI=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBEEocy0giIIRTcuK9oHdI aSSTNtaCYzJBmxDP0AN/6KGxeKuPUD3Pk3pu0stPVCwuGcc7n3Hj/mTGnb/rYWFpeWV1Zza/n1jc2t7cLObkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBqrDfvqVQsEnd6GFMvxD3BAkawNlSnUHQFfTBjFHIxj/v4HN12yujC/BV0nHHGZZfsSaF54GSgCFnVOoUvtx uRJKRCE46Vajt2rL0US80Ip6O8mygaYzLAPdo2UOCQKi+dHDNCh4bpoiCS5gmNJuzvjhSHSg1D3zhDrPtqVhuT/2ntRAdnXspEnGgqyHRQkHCkIzROBnWZpETzoQGYSGZ2RaSPJSba5Jc3ITizJ8+DRrnkVErlm5Ni9TKLIwf7cABH4MApVOEaalAHAo/wDK/wZj1ZL9a79T G1LlhZzx78KevzB5hKmWY=</latexit>
@↵ : S1 = S3 + ↵
<latexit sha1_base64="RhePc2moxCWv6oMlr693pglQ0I0=">AAACDHicbVDLSgMxFM34r PVVdekmWARBKDOtoAhC0Y3LivYBnaHcSTNtaCYzJBmxDP0AN/6KGxeKuPUD3Pk3pu0stPVCwuGcc7n3Hj/mTGnb/rYWFpeWV1Zza/n1jc2t7cLObkNFiSS0TiIeyZYPinImaF0zzWkrlhRCn9O mP7ga6817KhWLxJ0extQLoSdYwAhoQ3UKRVfQBzNGYRd43IdzfNtx8IX5K/g444zLLtmTwvPAyUARZVXrFL7cbkSSkApNOCjVduxYeylIzQino7ybKBoDGUCPtg0UEFLlpZNjRvjQMF0cRNI8o fGE/d2RQqjUMPSNMwTdV7PamPxPayc6OPNSJuJEU0Gmg4KEYx3hcTK4yyQlmg8NACKZ2RWTPkgg2uSXNyE4syfPg0a55FRK5ZuTYvUyiyOH9tEBOkIOOkVVdI1qqI4IekTP6BW9WU/Wi/VufUy tC1bWs4f+lPX5A5a3mWU=</latexit>
9↵ : S1 = S2 + ↵
<latexit sha1_base64="2XT2ViR4C39CuBHArvYQ5rLUj2Q=">AAACC3icbVDLSsNAFJ34r PUVdelmaBEEoSRVUASh6MZlRfuAJoTJ9KYdOnkwMxFL6N6Nv+LGhSJu/QF3/o3TNgttPTDD4Zx7ufceP+FMKsv6NhYWl5ZXVgtrxfWNza1tc2e3KeNUUGjQmMei7RMJnEXQUExxaCcCSOhzaPm Dq7HfugchWRzdqWECbkh6EQsYJUpLnlly4EFPkdghPOmTc3zr2fhC/1V8lGueWbYq1gR4ntg5KaMcdc/8croxTUOIFOVEyo5tJcrNiFCMchgVnVRCQuiA9KCjaURCkG42uWWED7TSxUEs9IsUn qi/OzISSjkMfV0ZEtWXs95Y/M/rpCo4czMWJamCiE4HBSnHKsbjYHCXCaCKDzUhVDC9K6Z9IghVOr6iDsGePXmeNKsV+7hSvTkp1y7zOApoH5XQIbLRKaqha1RHDUTRI3pGr+jNeDJejHfjY1q 6YOQ9e+gPjM8fupSY7A==</latexit>
Figure 6: A cliff example, in which the agent can descend but is not able to ascend the cliff. Four
different tasks (T1-T4) defined on four cliff environments (E1-E4) that are related by 2 possible GIEs.
S is a shortest-path matrix. If S1 is the same as S2 up to an additive constant and they share the same
feasibility matrix K, Task 2 will have the same solution as Task 1, but mapped to different underlying
polices (tc-GIE); this solution will minimize trajectory length on X . If no such additive constant
exists but the tasks share the same K-matrix, the tasks can only share an optimal solution where
trajectory length is not minimized (t-GIE) (Qpi is set to I). Task 4 does not share a K-matrix with
other tasks and therefore doesn’t share a GIE solution.
4 Discussion
JODP employs specific representations and architectural motifs which contribute to the flexibility
and scalability of the framework. The construction of the policy ensemble and jump operator is
computationally decoupled from the global tLMDP task-optimization. This decoupling is necessary
for scalability: both objects can be parallelized and the jump operator is required to work in the
grounded-subspace, which is critical for the method to scale to large state-space sizes. Crucially,
because jump operators are paired with cost functions derived from the low-level value function, the
method effectively performs multi-step tasks while integrating all of the low-level cost information
for each successive jump, which is a new abstraction technique for hierarchical control.
While the focus of this paper was on exact dynamic programming methods, the motifs have important
implications for learning frameworks. As we have shown, the task can be a structured object which
can be traversed by a first-exit policy, where task rules correspond to a cost function which shapes
permissible dynamics on this space—the reward is not the task. While it is certainly true that the value
function is interpreted as an accumulated reward or cost, first-exit value functions are endowed with
additional explicit meaning: the accumulated cost until hitting the boundary state. This explicitness
is necessary for the property of remappability, which allows low-level polices to generalize to new
tasks by mapping the boundary state-actions to high-level actions. This also suggests that many RL
algorithms, so far as they are used for Artificial Intelligence, do not posses the requisite constrains on
the form of the polices which make them composable and remappable to modular and transferable
tasks, and future learning methods could benefit from utilizing shortest-path polices as low-level
representations along with reusable task-spaces.
In conclusion, JODP provides key new representations for hierarchical control along with a theory of
grounding-invariant zero-shot transfer, which has major implications for computationally efficient
and interpretable artificial intelligence.
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5 Appendix
5.1 Function Dependency Graph
Figure 7: Function Dependency Graph: This graph shows the dependency structure of the different
objects in this paper. Arrows denote that either one object was derived from another, or it takes
another object as an argument. Not every relationship is plotted, only the essential structure for
understanding the architecture.
5.2 saLMDP Derivation
We begin by creating a state vector y = (x, a) and substitute this state in the equation for an LMDP:
v∗(y) = v∗(x, a) = min
uxa
[
q(x, a) +KL(uxa(x
′, a′|x, a)||pxa(x′, a′|x, a)) + E
x′,a′∼uxa
[v∗(x′, a′)]
]
(14)
We now decompose the joint distributions using the product rule and impose a dynamics constraint.
We would like the low level dynamics of the saLMDP, px(x′|x, a), to behave like an uncontrollable
physical system and control to only be achieved over the state-space by manipulating the action
distribution, ua. To enforce this condition we introduce the constraint that ux = px, and we minimize
over ua.
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= min
ua
ux
[
q(x, a) + E
a′∼ua
x′∼ux
[
log
(
ua(a
′|x′;x, a)ux(x′|x, a)
pa(a′|x′;x, a)px(x′|x, a)
)]
+ E
a′∼ua
x′∼ux
[v(x′, a′)]
]
s.t.
ux = px
(15)
= min
ua
[
q(x, a) + E
a′∼ua
[
log
(
ua(a
′|x′;x, a)
pa(a′|x′;x, a)
)]
+ E
a′∼ua
x′∼ux=px
[v(x′, a′)]
]
(16)
We consider (16) to be the canonical form of the saLMDP objective function.
After transforming the cost-to-go, v(x, a), into desirability via v(x, a) = −log(z(x, a)) the derivation
proceeds as follows:
= min
ua
[
q(x, a) + E
a′∼ua
[
log
(
ua(a
′|x′;x, a)
pa(a′|x′;x, a)
)]
+ E
a′∼ua
x′∼px
[−log(z(x′, a′))]
]
(17)
= min
ua
[
q(x, a) + E
x′∼px
[
E
a′∼ua
[
log
(
ua(a
′|x′;x, a)
pa(a′|x′;x, a)z(x′, a′)
)]]]
(18)
= min
ua
[
q(x, a) + E
x′∼px
[
E
a′∼ua
[
log
(
ua(a
′|x′;x, a)
pa(a′|x′;x, a)z(x′, a′)G[z](x′,x,a)G[z](x′,x,a)
)]]]
(19)
= min
ua
[
q(x, a) + E
x′∼px
[
− log(G[z](x′, x, a))+ E
a′∼ua
[
log
(
ua(a
′|x′;x, a)
pa(a′|x′;x,a)z(x′,a′)
G[z](x′,x,a)
)]]]
(20)
Where G[·](·) is a normalization term that satisfies the KL divergence requirement that the terms sum
to 1.
G[z](x′, x, a) =
∑
a′∈A
pa(a
′|x′;x, a)z(x′, a′) (21)
By setting the policy u∗a to the denominator (20), the third term goes to zero.
u∗a(a
′|x′;x, a) = pa(a
′|x′;x, a)z(x′, a′)
G[z](x′, x, a)
(22)
This leaves two terms that do not depend on the minimization argument ua. The resulting equation is:
−log(z(x, a)) = q(x, a)− E
x′∼px
[
log
(
G[z](x′, x, a)
)]
(23)
z(x, a) = exp(−q(x, a))exp
(
E
x′∼px
[
log
(
G[z](x′, x, a)
)])
(24)
The above equation can be written in matrix-vector notation with nested non-linearities, but it requires
us to construct non-square matrices. This is because if z is a state-action desirability vector, then
G[z](x′, x, a) = E
a′∼pa
z(x′, a′) requires us to only sum over only the a′ variables of the vector.
To construct the appropriate matrices, we encode the distributions px and pa into two matrices, M and
W respectively. M is anXA×XAX ′ matrix (whereX = |X |, A = |A|) which encodes px(x′|x, a),
where the additional XA in the column space are dummy variables. That is, the indexing scheme for
the rows is (x, a), and (x, a, x′) for the columns, so elements with (x, a) in the columns can only
have non-zero entries if they match the (x, a) pairs on the row. Similarly, W is an XAX ′ ×X ′A′
matrix encoding pa(a′|x′, x, a) where the matrix can only have non-zero entries when the x′ on the
row matches the x′ on the column. It is straightforward to check that multiplying M and W forms a
matrix of the joint distribution Pxa = MW . W allows us to take the expectation over the a′ variables
in z, followed by the point-wise log nonlinearity, then M takes the expectation over the x′ variables.
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Now written in matrix notation we have:
z = Q exp(M log(Wz)) (25)
Since the exp(·) and log(·) are element-wise functions, Jensen’s inequality implies the following
element-wise inequality:
z1 = Q exp(M log(Wz))  QMWz = z2 (26)
However, Jenson’s inequality holds as equality when the expectation is over a deterministic
distribution. Therefore if every row of the state dynamics matrix M is a deterministic distribution,
then we can exchange the order of the point-wise exponential with the matrix multiplication:
z = Qexp(M(log(Wz))) (27)
=⇒ z = QMexp(log(Wz)) (28)
=⇒ z = QMWz (29)
=⇒ z = QPxaz (30)
where Pxa = MW is the matrix for the joint distribution p(x′, a′|x, a). The original non-linear
mapping reduces to a linear equation and z can be solved for as the largest eigenvector of QPxa. We
can solve for z by the iterating either (25), in the stochastic case, or (30) in the deterministic case,
until convergence. Then plug z into (22) to obtain the optimal policy.
5.3 tLMDP Derivation
The tLMDP only differs in the transition operators and number of cost functions. Following the same
derivation above we will arrive at:
−log(z(s, pig)) = q(s, pig)− E
s′∼Tκ
[
log
(
G[z](s′, s, pig)
)]
(31)
z(s, pig) = exp(−qσg(σ, pig))exp(−qσ(σ))exp(−qpig(pig, x, a))exp
(
E
s′∼Tκ
[
log
(
G[z](s′, s, pig)
)])
(32)
Following the previous methods for the saLMDP solution derivation, in matrix-vector notation and
under deterministic Tκ this results in:
z = QσgQσQpiPκz (33)
5.4 Convergence of iterative non-linear map
Here we show that the iterative mapping for the stochastic case converges to a fixed point. The proof
uses Banach’s fixed point theorem, which requires us to show that (25) is a contraction mapping. To
do, we define the mapping as
z = T [z′] (34)
To demonstrate that T is a contraction mapping we show that for any z1 and z2, d(T (z1), T (z2)) ≤
βd(z1, z2) for some β ∈ [0, 1) and d(x, y). Let d(x, y) = ‖x − y‖∞. Considering z as the
state-action desirability vector, we write T as:
T [z] = Q exp(M log(Wz′)) (35)
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‖T [z1]− T [z2]‖∞ = ‖Q exp(M log(Wz1))−Q exp(P log(Wz2))‖∞
≤ ‖QMWz1 −QMWz2‖∞, Jensen’s Ineq.
≤ ‖βz1 − βz2‖∞, 0 ≤ β < 1
= β‖z1 − z2‖∞
(36)
Thus, T [z′] is a contraction mapping, which implies via Banach’s fixed point theorem that an iterative
algorithm will globally converge to z∗.
5.5 Finite-Horizon/First-Exit Decomposition (Grounded Subspace)
Because we are working with shortest-path first-exit control problems, all trajectories from any
given σk → σk+1 must be shortest paths (where k is a lumped time-step called a period which
corresponds to the window of time σ remains constant). This means instead of working with the
complete ensembles, UAll,ZAll, and JAll we only need to work with UGS ,ZGS , JGS . This is due to
the fact that any policy u∗i which controls to an internal state-action (x, a)i followed by a policy that
controls to (x, a)g by u∗g can never have an accumulated cost-to-go vi + vg which is lower than the
value function vg for u∗g . (because shortest-path polices have the lowest cost-to-go). The consequence
of the GS restriction is that an agent that controls from a state inside the GS will remain inside
the GS (given that the JGS can only jump you to GS state-actions). Therefore, a first-exit tLMDP
problem can be decomposed by separating the first period out of the Bellman equation and solving a
first-exit (FE) problem starting at k = 1, while solving the policy for the period k = 0 as a one-step
finite-horizon (FH) problem which controls into the grounded subspace.
We define the Bellman equation in two parts, one for controlling within the grounded subspace (38),
and one for controlling from outside the grounded subspace into the grounded subspace (37):
v∗k0(s0, pig) = minupig
[
q(s0, pig) + E
pig∼upig
[
log
(
upig(pi
′
g|s′, s0, pig)
ppig(pi
′
g|s′, s0, pig)
)]
+ E
pi′g∼upig
s′∼Tκ
[vFE(s
′, pi′g)]
]
(37)
where:
v∗FE(s, pig) = minupig
[
q(s, pig) + E
pig∼upig
[
log
(
upig(pi
′
g|s′, s, pig)
ppig(pi
′
g|s′, s, pig)
)]
+ E
pi′g∼upig
s′∼Tκ
[vFE(s
′, pi′g)]
]
(38)
where in (38), (s, pi) ∈ XAΠGS , and Tκ and upig in both equations are restricted to polices in the
grounded subspace, ΠGS .
5.6 Invertibility of I − Ug¯
(I − Ug¯)−1 is the solution to a Neumann series which represents the total expected state-action
occupancies under the transient state-action Markov chain dynamics. Normally, the concern would be
that if the Markov chain U is reducible, then there is a communicating class of states-actions which
do not communicate with the boundary state-action. This would result in infinite state-action visits,
and thus (I − Ug¯) would not be invertible.
However, since we are computing J = (I − Ug¯)−1Hg, and Hg is a matrix of zeros except for the
gth column, we know that Jij = 0, (∀i)(∀j 6= g). Therefore, we are only interested solving the
linear system (I − Ug¯)pabs = hg, where hg is the gth column of Hg (known), pabs(i) (unknown)
is the probability of absorption into the boundary state, starting from the state-action (x, a)i under
the Markov chain dynamics, and pabs is set to be the gth column of J , i.e. J:g ← pabs. We have a
solution, pabs, in which the agent starting at state-action (x, a)i will either arrive at the state-action
(x, a)g with some positive probability, or it will not arrive at all, meaning pabs is guaranteed to take
on values between 0 and 1, inclusive.
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5.7 Complexity
The run-time complexity of the tLMDP solution (10) depends on the specialized structure of the
task. Because the ordering constraints preclude the agent from needing to "undo" sub-goals encoded
in σ, the agent is never more than Ng policy-calls away from arriving at σf = [1, 1, ...] due to the
fact that it takes at most Ng bit flips to solve the task. This means that we can initialize z0 = bg,
where bg is a vector of zeros except for the boundary state-actions for σf , which are set to the
known boundary value of 1. QσgQσQpiPκ is a sparse matrix of size 2NgN2g × 2NgN2g , with only
2NgN3g non-zero entries, and power-iteration starting from this initialization converges within Ng
iterations. Therefore, we have Ng sparse matrix-vector multiplications, resulting in a total of 2NgN4g
floating-point operations.
5.8 Algorithm Pseudocode
Algorithm 1: saLMDP_solve (Deterministic px)
input :saLMDPM = (X ,A, px, pa, q), convergence constant 
output :Optimal Policy: u∗(a′|x′;x, a); Desirability function: z
1 Construct P as the passive Markov chain matrix for pxa
2 Q← diag(−exp(q))
3 Initialize z to a one-hot vector with a 1 on the boundary state.
4 delta←∞
5 #Power-Iteration
6 while delta >  do
7 z_new← QPz
8 delta← sum(abs(z_new − z))
9 z← z_new
10 end
11 u∗a ← p(a
′|x′,x,a)z(x′,a′)
G[z](x′,x,a)
19
Algorithm 2: tLMDP_solve
input :saLMDP ensembleMN , OG-task T = (Σ,G,OΨ,Ψ, fΨ), grounding function h
output :Task Policy: u∗pi
1 nxa : number of state-action pairs
2 npi : number of polices
3 J ← zeros(nxa, nxa, npi)
4 OG ← {o(gi, gj) | o(ψ1, ψ2) ∈ OΨ, ∃(ψ1, ψ2) ∈ fΨ(gi)× fΨ(gj)}
5 Construct Tσ: binary vector transition operator on Σ # Section 3.2
6 forMg inMN do
7 uxg,ag , zg ← saLMDP_solve(Mg)
8 store (uxg,ag , zg) in (U , Z)
9 end
10 for Ug in U do
11 pabs← solve_sparse_linsys(I − Ug¯ , hg)
12 J(:, g, g)← pabs
13 end
14 Define ppi as uniform passive dynamics
15 κ← J ◦ h¯ # (7)
16 Tκ ← Tσ ◦ κ # (8)
17 Pκ ← Tκ ◦ ppi # Section 3.6
18 qσg(σ, pigi) = {∞ if : ∃gj ∈ G s.t. o(gi, gj) ∈ OG ∧ σ(j) = 1; else : 0.}
19 Qσg ← diag(−exp(qσg))
20 qσ(σ)← 0 if σ = σf , else const.
21 Qσ ← diag(−exp(qσ))
22 Qpi ← diag(vec(ZGS))
23 Q← QσgQσQpi
24 Set z to zero vector with ones on σf boundary states.
25 #Power-Iteration
26 while delta >  do
27 z_new← QPκz
28 delta← sum(abs(z_new − z))
29 z← z_new
30 end
31 u∗pig ←
p(pi′g|s′,s,pig)z(s′,pi′g)
G[z](s′,s,pig)
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5.9 Jump Operator Vs. Full Operator Value Function Equivalency
Here we show that Bellman equation based on a deterministic full transition operator with a determin-
istic policy achieve the same value function as a Bellman equation based on the Jump operator when
the jump operator cost function is set to be the value function of the underlying ensemble policy.
Let us assume that the "full operator" and the policy pi(a|x) are deterministic, namely
T (σ′, x′|σ, x, a) = Tσ(σ′|σ, g′)h¯(g|x, a)Tx(x′|x, a).
We begin with the definition of the optimal value function for a deterministic first-exit control
problem:
v∗(σ, x) = min
a
[q(σ, x, a) + v∗(σ′, x′)T (σ′, x′|σ, x, a)] . (39)
Unrolling the recursion we have:
v∗(σ, x) = q(σtf , xtf , atf ) +
tf−1∑
t=0
q(σt, xt, at)T (σt, xt|σt−1, xt−1, at−1)pi∗(a|σ, x). (40)
We can decompose this summation by isolating constant σ variables within each σ → σ′ transition by
creating a new index k for each period when σ remains constant, and where τk indexes inter-period
discrete time steps:
v∗(σ, x) =
q(σtf , xtf , atf ) +
kf−1∑
k=0
τk,f∑
τk=0
q(στk , xτk , aτk)T (στk , xτk |στk−1, xτk−1, aτk−1)pi∗(a|σ, x) = (41)
q(σtf , xtf , atf ) +
kf−1∑
k=0
[
q(στk,f , xτk,f , aτk,f )T (στk,f , xτk,f |στk,f−1, xτk,f−1, aτk,f−1)pi∗(a|σ, x)
+
τk,f−1∑
τk=0
q(στk , xτk , aτk)T (στk , xτk |στk−1, xτk−1, aτk−1)pi∗(a|σ, x)
]
= (42)
q(σtf , xtf , atf ) +
kf−1∑
k=0
[
q(στk,f , xτk,f , aτk,f )Tpi∗(στk,f , xτk,f , aτk,f |στk,f−1, xτk,f−1, aτk,f−1)
+
τk,f−1∑
τk=0
q(στk,f , xτk,f , aτk,f )Tpi∗(στk , xτk , aτk |στk−1, xτk−1, aτk−1)
]
, (43)
where Tpi∗ : (Σ× X ×A)× (Σ× X ×A)→ [0, 1] is the induced Markov chain by applying the
policy pi∗. By conditioning the transition operator on the first time step of period k, we have:
v∗(σ, x) = q(σtf , xtf , atf ) +
kf−1∑
k=0
[
q(στk,f , xτk,f , aτk,f )T
τk,f
pi∗ (στk , xτk , aτk |σk, xk, ak)
+
τk,f−1∑
τk=0
q(στk,f , xτk,f , aτk,f )T
τk
pi∗ (στk , xτk , aτk |σk, xk, ak)
]
= (44)
q(σtf , xtf , atf ) +
kf−1∑
k=0
[
q(στk,f , xτk,f , aτk,f )T
τk,f (στk , xτk , aτk |σk, xk, ak, pi∗σ)φ∗(pi∗σ|σ, x)
+
τk,f−1∑
τk=0
q(στk,f , xτk,f , aτk,f )T
τk(στk , xτk , aτk |σk, xk, pi∗σ)φ∗(pi∗σ|σ, x)
]
, (45)
where φ∗ : Σ×X → Πσ , Πσ = {pi∗σ1 , pi∗σ2 , ...} is a map to the set of optimal polices conditioned on
σ, and pi∗σ : X → A is the optimal state-action map conditioned on σ being constant. We omit the
timestamps on the arguments of pi∗σ , since it is a stationary policy.
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Note that the term inside the first summation in (45) is itself a first-exit control problem, which can
be defined as:
v∗σ(σk, xk|pi∗σ) := q(στk,f , xτk,f , aτk,f )T τk,f (στk , xτk , aτk |σk, xk, ak, pi∗σ)φ∗(pi∗σ|σ, x)
+
τk,f−1∑
τk=0
q(στk , xτk , aτk)T
τk(στk , xτk |σk, xk, pi∗σ)φ∗(pi∗σ|σ, x). (46)
Substituting v∗σ(σk, xk|pi∗σ) for the inner summation we obtain:
v∗(σ, x) = q(σtf , xtf , atf ) +
kf−1∑
k=0
v∗σ(σk, xk|pi∗σ)P (σk, xk|σk−1, xk−1, pi∗σk)φ∗(pi∗σ|σ, x), (47)
where P (σk, xk|σk−1, xk−1, pi∗σk) = T
τk,f
pi∗ (στk , xτk |σk, xk, pi∗σk). Given an optimal policy, we have
no a priori knowledge of which terminal states are traversed under the dynamics. However, if we
define a new set of first-exit problems specified by individual terminal states in T , we can substitute
these individual first-exit problems into the overall problem.
In (47) we are compressing the inner loop into a policy evaluation with the (deterministic)
probability of jumping from (σk−1, xk−1) to (σk, xk). Since qxa(x, a) is not dependent on σ,
we can reuse the associated policy for any σ. Therefore, we can introduce a set of polices
Πˆ = {pˆi1, pˆi2, ...}, derived from a set of value functions V = {vˆ1, vˆ2, ...}, the induced Markov
chains M = {Tpi1 , Tpi2 , ...}, and its corresponding "jump" J(σ′, x′|σ, x, pˆi), which stand in for
v∗σ(σk, xk|pi∗σ) and P (σk, xk, ak|σk−1, xk−1, ak−1, pi∗σk). That is, if we can show that v∗σ is con-
tained within V , and Ppi can be produced by the corresponding policy in J , then we can write an
optimization which substitutes the (vˆ, J) pair for the original functions.
We define a new high-level policy φˆ(σ, x) : Σ×X → Πˆ. Since we are working with deterministic
dynamics and polices, there is only a single trajectory followed by the agent under the optimal
policy, implying that only one of the boundary states is traversed. This means that for a given
P (σk, xk, ak|σk−1, xk−1, ak−1, pi∗σk), there exists a way to condition J(σ′, x′|σ, x, pˆig) to achieve
the same terminal state. That is,
P (σ′k, x
′
k, a
′
k|σk−1, xk−1, ak−1, pi∗σk)−max
pˆi∈Πˆ
J(σ′, x′, a′|σ, x, a, pig) = 0.
We call the policy that reaches the single traversed boundary state-action of the full-operator policy
the jump-optimal policy:
pˆi+g = argmax
pˆi∈Πˆ
J(σ′, x′, a′|σ, x, a, pig).
Because the jump-optimal policy, pˆi+g , is a deterministic shortest-path to the same boundary state as
pi∗σk , the corresponding ensemble value function, vˆg, must be the same as vˆ
∗
σ evaluated at a given
state x. Therefore, the jump-optimal policy is also the value-optimal policy to select from state x,
which must be equivalent in value to the policy pi∗σ followed from x: φˆ
∗(pˆi+g |σ, x) = φˆ∗(pˆi∗g |σ, x) =
φ∗(pi∗σ|σ, x). We can then write the following equivalence:
P (σ′k, x
′
k|σk−1, xk−1, pi∗σk)φ∗(pi∗σ|σ, x) = J(σ′, x′|σ, x, pˆi∗g )φˆ∗(pˆi∗g |σ, x).
Substituting the jump operator for P and the optimal ensemble value function vˆ∗ for vσ, the opti-
mization in (47) becomes:
v∗(σ, x) = q(σtf , xtf , atf ) +
kf−1∑
k=0
[
vˆ∗g (σk, xk|pi∗g )J(σk, xk|σk−1, xk−1, pˆig)φˆ∗(pˆig|σ, x)
]
.
(48)
Substituting the optimal policy for a minimization over polices, we have:
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v∗(σ, x) = q(σtf , xtf , atf ) + min
pˆig∈Πˆ
kf−1∑
k=0
[vˆg(σk, xk|pˆig)J(σk, xk|σk−1, xk−1, pˆig)] , (49)
v∗(σ, x) = min
pˆig∈Πˆ
[qˆ(σk, xk, pˆig) + v
∗(σ′, x′)J(σ′, x′|σ, x, pˆig)] , (50)
φˆ∗(pˆig|σ, x) = argmin
pˆig∈Πˆ
[qˆ(σk, xk, pˆig) + v
∗(σ′, x′)J(σ′, x′|σ, x, pˆig)] , (51)
where qˆ(σk, xk, pˆig) = vˆg(σk, xk|pˆig).
We have thus obtained a new Bellman equation with a different transition operator, the "jump
operator", which is guaranteed to have the same solution as the Bellman equation with the full
operator when the cost function is defined as the value function of the ensemble policy.
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